IMO Problems on Functional Equation

1968/5
Let f be areal-vaued function defined for dl real numbers x such that, for some
positive congtant a, the equation

f(x+a) :%+\/f(x)- (f(x))? holdsfor all x.

a)  Provethat thefunction f is periodic. (i.e. there exists a positive number b such
that f (x+b) = f(b) fordl x)

b) For a=1, give an example of anon-congtant function with the required
properties.

1972/5
Let f and g be real-vaued functions defined for dl red vaues of x andy, and

satidying theequetion f (x+y) + f(x- y) =2f(x)g(y) fordl X, y.
Provetha if f (x) isnotidenticaly zero, and if |f(x)|£1for al x, then |g(y)| £1 for
dly.

1977/6
Let f(n) beafunction defined on the st of al pogtive integers and having dl its

vauesinthe same s&t. Provethat if f (n+1) > f(f(n)) for each postive integer n,
then f (n) =n foreachn.

1978/3
The st of dl pogtive integersis the union of two digoint subsets

{ f(l)' f (2)!! f (n)’} and {9(1)1 9(2),, g(n)!} )
where f () < f(2) <--< f(n) <, g < g(Q) <~ <g(n) <--, and
g(n)=f(f(n)+1fordl n3 1.
Determine f (240) .

1981/6

Thefunction f (Xx,y) saisfies

1D fOy=y+l,

(2 f(x+10)="f(x],

@) fx+Ly+D)=1f(x f(x+1ly),

for dl non-negative integers x, y. Determine f (4,1981) .
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1982/1
Thefunction f (n) isdefined for dl pogtive integers n and takes on non-negetive

integer vaues. Also, for dl m, n,
f(m+n)- f(m)- f(n)=0or1
f(2) =0, f(3)>0,and f(9999) =3333.
Determine f (1982).

1983/1
Find dl functionsf defined on the set of pogitive red numbers which take postive
red vaues and satisfy the conditions:

() f (xf(y)) = yf (x) for dl postivex, y;
(i) f(X)® 0as x® ¥.

1986/5

Find dl functionsf, defined on the non-negative red numbers and taking non-
negdtive red vaues, such that:

() fxE(y) f(y)=f(x+y) fordl x y2 0,

iy (=0,

(i) f(x)* Ofor O£ x<2.

1987/4
Prove that there is no function f from the set of nonnegative integersinto itsdf such
that f (f (n)) =n+1987 for every n.

1988/3

A function f is defined on the positiveintegersby f (1) =1, f(3)=3, f(2n)=f(n),
f(An+D) =2f(2n+1)- f(n), f(4n+3) =3f(2n+1)- 2f (n) for dl pogdtive
integersn.

Determine the number of pogtive integers n, less than or equa to 1988, for which
f(n)=n.

1990/4
Let Q" bethe st of positive rationa numbers. Condruct afunction f : Q" ® Q°
such that

f (xf (y)):¥ fordl x,yin Q".

1992/2
Let R denotethe st of dl red numbers. Find dl functionsf : R—-R such that

f(x*+f(y) =y+(f(xX)?fordl x,yl R.
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1993/5
LeaN={1, 2 3---}. Determine whether or not there exist afunction f : N—»N such

that f() =2, f(f(n))=f(n)+nfordl nl N,and f(n)< f(n+1 fordl nl N.

1994/5
Let Sbethe set of real number greater than —1. Find dl functions f : S® S

satisfying the two conditions

() fix+f(y) +xf(y)=y+f(x)+yf (x) fordl xandyin§
. f(x)
(i) v

isdrictly incressing for - 1< x< 0 andfor x >0.

1996/3
Let S={ 01 2,---} bethe set of non-negative integers. Find al functions f defined

on Sand teking ther valuesin S such that
f(m+f(n)=~f(f(m)+f(n) foodlmninS

1998/6
Congder dl functionsf from the set N of dl pogtive integersinto itsdf satisfying

f(t?f (9) =s(f(t))? foradl sandtinN. Determine the least possible value of
f (1998) .

1999/6
Determine dl functionsf : R—R such that

f(x- f(y) = f(F(y) +xf(y) + f(x)-1
fordl x,yl R.
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