International Mathematical Olympiad 2000
Hong Kong Preliminary Selection Contest

30th May, 1999.

Time allowed:
3 hours

Answer ALL questions.
Put your answers on the answer sheet.
The use of calculators is prohibited.

1. Let 
[image: image1.wmf]1999

!

kk

k

A

k

+

=

 for k = 1, 2, 3, … Find k such that 
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 is greatest.
(1 mark)

2. Let x, y, z be real numbers satisfying 
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. Find x.
(1 mark)

3. A solid pyramid VABCD, with a quadrilateral base ABCD, is to be coloured on each of the five faces such that no two faces with a common edge will have the same colour. If five different colours are available, what is the number of ways to colour the pyramid?
(1 mark)

4. Let x, y be integers satisfying 
[image: image6.wmf]2222

330517

yxyx

+=+

. Find 
[image: image7.wmf]22

3

xy

.
(1 mark)

5. The digits used to number the pages of a book were counted, and the total number of digits used was 2001. Find the number of pages in the book.
(1 mark)

6. There exist integers n with the property that n! may be expressed as the product of 
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 consecutive integers. For example, 
[image: image9.wmf]6!1098

=´´

. Find the largest integer satisfying this property.
(1 mark)

7. Find all possible x that satisfy the equation 
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. Here [u] denotes the greatest integer less than or equal to u.
(1 mark)

8. Determine the number of acute-angled triangles with consecutive integer sides and of perimeter not exceeding 100. 
(1 mark)

9. ABCD is a convex quadrilateral with AD parallel to BC, AC perpendicular to BD, and AC = 5. CF is the perpendicular from C to AD and CF = 4. Find the area of ABCD.
(1 mark)

10. A, B, C and D are four vertices of a cyclic quadrilateral, AC and BD meet at E. If BC = CD = 4, AE = 6, and BE and DE are integers, find BD.
(1 mark)

11. A sequence of integers 
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. The sum of the first 1588 terms of the sequence is 1997, and the sum of the first 1997 terms is 1588. Find the sum of the first 1999 terms of the sequence.
(2 marks)

12. Find the integer n satisfying 
[image: image16.wmf]1999

1!2!10!

nnn

éùéùéù

+++=

êúêúêú

ëûëûëû

L

. Here [x] dented the greatest integer less than or equal to x.
(2 marks)

13. What is the largest positive integer n for which there is a unique integer k such that 
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(2 marks)

14. The pages of a book are numbered from 1 to n. A boy adds up all the page numbers and gets the sum of 1922. It is known that by mistake he adds a certain number twice. What is that number? 
(2 marks)

15. Four consecutive even integers are removed from the sequence of integers 1, 2, …, n, and the average of the remaining numbers is 51.5625. Determine the largest integer removed.
(2 marks)

16. The sequences 1, 3, 4, 9, 10, 12, 13, … consists of all those positive integers, listed in increasing order, which are powers of 3 or sums of distinct powers of 3. Find the 200th term of the sequence.
(2 marks)

17. In (ABC, AB = AC = 12, P is a point on BC such that AP = 8. Find 
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(2 marks)

18. Let ABCD be a rhombus with AB = 5. Suppose 
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, determine the maximum value of 
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(2 marks)

19. A square ABCD of side 12 is divided into 144 unit squares. A circle of radius 6 is drawn touching all the four sides of ABCD. Find the number of unit squares which lie completely within the circle.
(2 marks)

20. Determine the minimum value of k, so that for any k numbers chosen from 1, 2, …, 91, there exists two of them, p and q, such that 
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(2 marks)
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