International Mathematical Olympiad 1998
Hong Kong Preliminary Selection Contest

June 7, 1997.

Time allowed:
3 hours

Answer ALL questions.
Put your answers on the answer sheet.
The use of calculators is prohibited.

1. Let a, b, c be real numbers such that 
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Find the value of 
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(1 mark)

2. On a Cartesian plane every point with integral coordinates is called a lattice point. Let Pn be the lattice point 
[image: image4.wmf])
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 be the number of lattice points (excluding the two endpoints) on the line segment joining the origin O and the point Pn. Find 
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(1 mark)

3. A positive integer is said to be ‘good’ if the digits of the integer can be divided into two groups such that the sum of the digits in one group is equal to the sum in the other. Find the smallest positive integer n such that n and 
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(1 mark)

4. Let x, y, z be real numbers such that 
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Find the maximum value of z.
(1 mark)

5. Find the number of diagonals that can be drawn in a convex polygon of n (
[image: image10.wmf]4

³

n

) sides.
(1 mark)

6. Find the time between 1:00 p.m. and 1:30 p.m., correct to the nearest minute, when the hour hand and minute hand of a clock form an angle of 100.
(1 mark)

7. In ABC, 
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cm and 
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cm. Find the radius of the inscribed circle of ABC.
(1 mark)

8. Two perpendicular chords of a circle are at distances a and b respectively from the centre. These two chords divide the circle into four pieces. Consider the sum of the areas of the largest and the smallest pieces, and the sum of the areas of the other two pieces. Find the difference between these two sums.
(1 mark)

9. How many integers from 1 to 1997 have the sum of their digits divisible by 5?
(1 mark)

10. The faces of a cube are labelled with different positive integers such that the numbers on any two adjacent faces differ by at least two. Find the minimum value of the sum of all six numbers.
(1 mark)

11. A square whose sides are of integral lengths is cut into 25 smaller squares whose sides are also of integral lengths. Exactly 24 of these smaller squares are unit squares. Find the area of the original square.
(1 mark)

12. Each of the numbers 1, 2, 3, …, 25 is written into a 5  5 table, such that the numbers in each row are in increasing order. Find the maximum value of the sum of the numbers in the third column.
(1 mark)

13. Let 
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(2 marks)

14. A positive integer N (in base 10) is composed of the digits 0 and 1 only, and is divisible by 2475. Find the smallest possible number of digits of N.
(2 marks)

15. 20 football teams take part in a tournament. M matches have been played and it is found that

(a)
between any two teams at most one match has been played, and

(b)
among any three teams at least one match has been played between two of them.
What is the smallest possible value of M?
(2 marks)

16. Let an be the integer closest to 
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. Find 
[image: image17.wmf]1997

3

2

1

1

1

1

1

a

a

a

a

+

+

+

+

L

.
(2 marks)

17. ABCDEF is a regular hexagon with 
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. P and S are the midpoints of AB and ED respectively. The circle with PS as diameter cuts the lines PE and PD at Q and R respectively. Find the area of the quadrilateral QRDE.
(2 marks)

18. Points D and E are points inside an equilateral triangle ABC such that 
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(2 marks)

19. In ABC, E, F, G are points on AB, BC, CA respectively such that 
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. K, L, M are the intersection points of the lines AF and CE, BG and AF, CE and BG, respectively. Suppose the area of ABC is 1; find the area of KLM.
(3 marks)

20. Three lines are drawn through a point in a triangle parallel to its sides. The segments intercepted on these lines by the triangle turn out to have equal lengths. Given the triangle’s side lengths a, b, c, find the length of the segments.
(3 marks)
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