International Mathematical Olympiad 1997
Hong Kong Preliminary Selection Contest

25th May, 1996.

Time allowed:
3 hours

Answer ALL questions.
Put your answers on the answer sheet.
The use of calculator is prohibited.

Part I
Multiple Choices










Each question carries 1 mark.
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2. By simplifying 
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3. Let 
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, then in the sequence 
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(a)
some 
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 are prime numbers, but there are only finitely many of them.
(b)
there are infinitely many 
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 which are prime numbers.
(c)
some 
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 are perfect squares, but there are only finitely many of them.
(d)
there are infinitely many perfect squares.
(e)
all 
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 are not prime numbers nor perfect squares.

4. For every positive integer n, the number of integral solutions of 
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 is a multiple of
(a)
4

(b)
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8

5. If 
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(b)
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6. Let ABCDEFGHI be a regular polygon with 9 sides, a = AB, b = AC and d = AE, then
(a)
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Part II
Short Questions

7. ABC is a triangle with sides 3, 4 and 5 units. A' is the mirror image of the point A across line BC. Similarly B' and C are mirror images of B and C across lines CA and AB respectively. Find the area of A'B'C'.
(2 marks)

8. Let f be a function such that 
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(2 marks)

9. The integer P is the product formed by multiplying together all the terms of the arithmetic progression 4, 8, 12, …, 1996. It is found that (in base 10) P ends with exactly n zeros. Find the value of n.
(2 marks)

10. In ABC, 
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 is numerically equal to five times the area of ABC. If AB = 1996, find the value of cot A + cot B + cot C.
(2 marks)

11. For all integers x, the function 
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(2 marks)

12. A number is constructed by writing down the positive integers in order starting from 1 until a number of 1996 digits is obtained : 
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1996

021

5161718192

0111213141

1234567891

. Find the remainder when this number is divided by 9.
(2 marks)

13. Find the number of positive integers a < 100 such that 
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 is divisible by 24.
(2 marks)

14. ABC is a triangle in which 2 CBA = CAB + ACB. P is a point inside ABC such that APB = BPC = CPA. Find the length of PB if PA= 18 and PC = 8.
(2 marks)

15. Circles of radii 1 and 2 are externally tangent to each other and are internally tangent to a circle of radius 3. The circle of radius 3 has a chord that is a common external tangent of the other circles. Find the length of this chord.
(2 marks)

16. Find the largest integer n such that 
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(2 marks)

17. Let 
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 for n = 2, 3, …, 1023. Suppose 
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, where the positive integers p and q have no common factor greater than 1. Find the value of 
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(2 marks)

18. Suppose the sum of squares of two numbers is 468 and the sum of their L.C.M. and H.C.F. is 42. Find the sum of these two numbers.
(2 marks)

19. Let 
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. Find the number of positive factors of n2 that are less than n and do not divide n.
(2 marks)

20. ABCDEFGH is an octagon inscribed in a circle of radius R. AB = BC = CD = DE = 1 and EF = FG = GH = HA = 3. Find the value of R2 in the form 
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(2 marks)

21. Suppose the sequence 
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(2 marks)

22. Let [x] represent the greatest integer not exceeding x. Find the non-integral solution(s) of the equation 
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(2 marks)

23. In ABC, E is the mid-point of side BC and D is a point on side AC. If AC = 1, BAC = 60, ACB = 20 and DEC = 80, find the area of ABC plus twice the area of CDE.
(3 marks)

24. ABC is isosceles with AB = AC and altitude AM = 11. Suppose that there is a point D on AM with AD = 10 and BDC = 3 BAC. Find the perimeter of ABC.
(3 marks)

25. Let 
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(4 marks)
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