International Mathematical Olympiad 1996
Hong Kong Preliminary Selection Contest

Outline of solutions

Answers:

1.

[image: image1.wmf]5

3


2.
18
3.
–125
4.

[image: image2.wmf]2

100



5.

[image: image3.wmf]2

2


6.

[image: image4.wmf]2

1

-

-


7.
–2
8.
999

9.

[image: image5.wmf]2

5

3

-


10.
183
11.
96433469
12.
133

13.
54
14.
55
15.
9


Explanations:

1. Let h be the height of the trapezium. Since 
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 have CD = 3 AB and 
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2. We may assume the sides of length 1 and 8 are adjacent. (If not, then cut the quadrilateral along a diagonal and flip one of the triangles without changing the area.) Now the area of a triangle is 
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. Since 
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, we can compose a quadrilateral of area 18 from two right triangles by gluing along the hypotenuse.

3. Since 
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, a contradiction. Since 
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, exactly 4 
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4. Since the snail made exactly 99 left turns, its path can be divided into 100 parts (each one containing an integer number of metres) in such a way that the snail made only right turns along each part (if any). Then the distance between the end-points of each part is at most 
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. By the triangular inequality, the whole distance is at most 
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 is possible is the snail made the following turns RLRLRL…RLRR…R (R for right turn, L for left turn, 99 left turns and one metre between turn.)

5. Let AB = a, BC = b, CD = c, ABC = , BCD = , then 
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6. Since 
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7. Let x = 1, then 
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For n > 0, 
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Similarly, for n < 0, 
[image: image42.wmf]2

2

3

)

(

2

-

+

=

n

n

n

f

. Then 
[image: image43.wmf]n

n

f

=

)

(

 if and only if n = 1 or –2.

8. Consider {0}, {1, 1994}, {2, 1993}, …, {997, 998}. If we have 999 integers, then there are two of them when divided by 1995 leave remainders in the same set, hence their sum or difference is divisible by 1995. On the other hand the sequence 0, 1, 2, …, 997 does not have the property.

9. First, observe that if 
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 for all triangles. By scaling, we may assume that a triangle has lengths 1, q, r. Let q be the nearest ratio of the sides to the value one, then 
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10. Let 
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11. Suppose the answer has decimal representation 
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12. Let a be the middle term, 
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13. Consider the remainders of x, y, z when divided by 3. If they are all different, then 
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14. Suppose a < b < c. Solving 
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15. Let F be the mid-point of BC, then FE // BD, 
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