International Mathematical Olympiad 1995
Hong Kong Preliminary Selection Contest

28th May, 1994

Time allowed: 3 hours

Answer ALL questions.
Put your answers on the answer sheet.
The use of calculators is prohibited.

1. In a trapezium ABCD where AB is parallel to DC, the diagonals intersect at E. The area of ABE is 72 and the area of CDE is 50. What is the area of trapezium ABCD?
(1 mark)

2. Let 
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(1 mark)

3. Find the real number x satisfying 
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(1 mark)

4. A point (a, b) on the xy-plane is integral if both a and b are integers. Determine the number of integral points enclosed by the square (including the boundary) formed by the points (100, 0), (0, 100), (–100, 0) and (0, –100).
(1 mark)

5. a, b, c, d, e are real numbers satisfying 
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. What is the greatest possible value of a?
(1 mark)

6. Ten integers, with two of them equal, have the property that when nine of them are added, the distinct possible sums are 86, 87, 88, 89, 90, 91, 92, 93 and 94. Find the integer that occurs twice.
(1 mark)

7. In the figure, ABC is an equilateral triangle. PE = 1, PQ= 3 and AE = CD. Find AD.

8. In the figure, AC is the diameter of a unit circle ADC with B as the centre. Another circle BED touches AC at B and the circle ADC at D. A tangent from A to the circle BED meets the circle at E and BD produced at F. Find AF.


(1 mark)

9. If 
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(2 marks)

10. Let x, y, z be positive numbers satisfying the system of equations 
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Find z.
(2 marks)

11. What is 
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 if x, y, z are integers greater than 1 such that 
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(2 marks)

12. What is the smallest positive integer that can simultaneously be expressed as the sum of 9 consecutive positive integers, the sum of 10 consecutive positive integers, and the sum of 11 consecutive positive integers?
(2 marks)

13. How many ordered four-tuples of integers (a, b, c, d) with 
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(2 marks)

14. Find the largest positive integer n satisfying the following conditions:

(a) n is not divisible by 10;

(b) the number formed by deleting the four rightmost digits from n2 is a perfect square.

15. ABCD is a rectangle with AB = 1. Two straight lines, parallel to AB and BC respectively, divide the rectangle into four smaller triangles such that three of them have areas not less than one and the fourth has area not less than 2. What is the least possible length of BC?
(2 marks)

16. Consider an equilateral triangle ABC. Let S be the collection of points P inside the triangle such that the distances from P to the sides of ABC can be the lengths of the three sides of some triangle. Find 
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(2 marks)

17. Let CH be an altitude of ABC. Let R and S be, respectively, points at which the circles inscribed in triangles ACH and BCH touch CH. If AB = 1995, AC = 1994 and BC = 1993, find RS.
(3 marks)

18. For positive integers i and j, the function (i, j) is defined by the relations
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Find i and j such that 
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(3 marks)
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