International Mathematical Olympiad 1992
Hong Kong Preliminary Selection Contest

Outline of Solutions

Answers:

1.
65
2.
3
3.
2045
4.
2500

5.
531
6.
25
7.
27804
8.
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14.
89
15.
11180  18011
16.
3

17.
9
18.
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19.
10.5
20.
20

21.
92
22.
2n – 1
23.
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25.
664

Explanations:

1. Since 
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 A = 90o =C and BD = 65.

2. 72 = 49, 73 = 343, 74 = 2401, so 71991 = 74(497) + 3 has the same unit digit as 73, which is 1.

3. Between 1 and 1991, there are 
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 perfect cubes and 
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 perfect 6th power. Beyond 1991, the next number to be skipped is 452 = 2025, so the 1991st term is 1991 + (44 + 12 – 3) + 1 = 2045.

4. By graph, (x, y) lies inside or on ABC, where A = (0, 99), B = (44.5, 44.5), C = (99, 99), and not the edge of AB. Counting horizontally, the answer is 1 + 3 + 5 + … + 99 = 2500.

5. 
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6. Since ABE and CDE are similar, 
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. So the area of ABCD = 4 + 9 + 6 + 6 = 25.

7. The sum of digits in 1, 2, …, 999 is 
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. So the sum of digits in 1, 2, …, 1999 is 2(13500) + 1000 = 28000. Subtracting the contribution of 1992, …, 1999, the answer is 27804.

8. Let b be boy’s age and f be father’s age, then 
[image: image15.wmf]1991

)

6

(

16

100

=

-

+

+

f

f

b

, so 
[image: image16.wmf]17

2

5

117

+

+

-

=

b

b

f

. Since 17 divides 
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, 117 > 5b, so b = 15, f = 43.

9.  Let O be the center and AC intersect BO at E. Note BEC and ABD are similar, since BCE = BDA. Now BD = 
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11. Let 
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12. Setting z = x + y in the third equation, we get 
[image: image36.wmf])

,

(

)

,

(

x

z

x

f

x

z

z

z

x

f

-

-

=

.
Then 
[image: image37.wmf]189

)

1

,

1

(

1

2

2

3

3

5

5

7

2

9

)

2

,

5

(

5

7

2

9

)

2

,

7

(

2

9

)

9

,

7

(

=

×

×

×

×

×

=

=

×

×

=

=

f

f

f

f

L

.

13. 
[image: image38.wmf]a

U

-

=

2

2

2

, 
[image: image39.wmf]

 EMBED Equation.3  [image: image40.wmf]ú

û

ù

ê

ë

é

-

-

+

=

-

-

=

a

a

a

a

U

2

3

1

1

3

2

3

)

2

(

3

3

. 
[image: image41.wmf]ú

û

ù

ê

ë

é

-

-

+

=

-

-

=

a

a

a

a

U

3

4

1

1

4

3

4

)

2

3

(

4

4

, …

14. Let an be the number of way of climbing a stair of n steps. For n > 2, we have 
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. The sequence an is 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, …
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16. By Apollonius’ formula, 
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. Adding these equation, we have 
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17. 
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19. For digits a, b, c, 
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. Equality holds for a = 1, b = 8, c = 9.

20. Three times around the inside of the square is needed. The total angle P rotated about A or B in 3 rounds is 420 + 450 + 330 = 1200 or 
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21. Let an be the number of parts n circles partitioned the plane. Then 
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 because the first n – 1 circles cut the nth circle into 2(n – 1) arcs, each arc creates a new region.
We have 
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22. For such arrangement, each number after the first is either one greater than the greatest of its predecessors or one less than the least of its predecessors. In particular, it ends in 1 or n. Discarding the last number, we are left with such kind of arrangements for 1, 2, …, n, then 
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23. Since 
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24. Let 
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 for integer n.
In [0, 1], such changes occurs at 
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. So 12 of the first 20 positive integers can be expressed in desired form, and hence 60 of the first 100 integers can be expressed in desired form.
25. The 664 numbers 1, 4, 7, …, 1990 satisfy the condition. If more than 664 numbers are chosen, then there will be two from one of the following 664 groups {1, 2, 3}, {4, 5, 6}, …, {1987, 1988, 1989}, {1990, 1991} and they will fail the condition.
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