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Outline of solutions

Section A

Answers:

1.
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2.
13
3.
(996, 995) or (96, 85)
4.
n2

5.
17910
6.
334
7.
441
8.
3979

9.
37
10.
13
11.
23
12.
32

Explanations:

1. A positive divisor of 101999 is of the form 2 m5 n, where m, n = 0, 1, 2, …, 1999. It is a multiple of 101990 if m, n = 1990, 1991, …, 1999. So the probability is 
[image: image2.wmf]40000

1

2000

10

2

2

=

.

2. The interior angle of a regular n-sided polygon is 
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. The maximum value s = 13 is attained by taking r = 13  34.

3. 
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 1  1991 or 11  181. So, either a – b = 1, a + b = 1991 or a – b = 11, a + b = 181. These give (a, b) = (996, 995) or (96, 85).

4. Direct computation yields a1 = 1, a2 = 4, a3 = 9, which suggests an = n2. This is true for n = 1. Suppose an = n2, then 
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 simplifies to 
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. Since 
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5. N = 101990 – 1, 
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 with 1989 9’s and 1989 0’s. So the sum of digits is 
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6. From the simple identity 
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, we have 
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7. Consider the figure on the right. Let 
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Now 
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Then from 
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, we get 
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8. We have 
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Therefore, x1990 = 3979.
9. Suppose the book has n pages and page number d is added twice, then 
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10. Let the number picked by the person who announced the average k be 
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 for k = 0, 1, …, 9, where x0 = x10 and x11 = x1. So 
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11. Suppose the n – 3 integers begin with k, then n! = 

 implies 
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. Since 2  3  4 = 24, so k = 5, n = 23 is possible. For k = 6, 
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For 
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. So there is no solution for 
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12. 
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13. Section B
14. Since QR // AB, 
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15. For n = 1, 111 = 3  37. Suppose an is divisible by 
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 is divisible by 3. So an+1 is divisible by 
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16. Let E be the mid- point of AB and F be the mid-point of CD. By applying the Apollonius formula to BCD, ACD, ABF, we find 
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17. For k not divisible by 3, let 
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 of them can be taken. For an example of maximal collection, we can take from each 
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 those numbers with n even. Since 36 = 729 < 1000 < 37, n = 0, 2, 4, 6. There are 
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 of the form 30k (k is not divisible by 3), 
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 of the form 34k and 1 of the form 36k. So the collection has 667+74+8+1 = 850 numbers, no two are 3 times the other. If more than 850 numbers are taken, some 
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 will have more than one plus half of its numbers taken and there will be two such that one is 3 times the other.
18. Since a, b are roots of 
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