International Mathematical Olympiad 1991
Hong Kong Preliminary Selection Contest

7th July 1990

Time allowed:
Section A
1.5 hours



Section B
2 hours

Section A
(20 marks)
Answer all questions. Put your answers on your answer sheet provided.
1. Find the probability that a randomly chosen positive divisor of 
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 is a multiple of 
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(1 mark)                                      

2. Let Pr be a r-sided polygon and Ps be a s-sided polygon (
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), such that each interior angle of Pr is 
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 times that of Ps. What is the largest possible value of s?
(1 mark)

3. Find all positive integers a and b such that 
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4. Let 
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(1 mark)

5. Let N = 99…99, where the digit 9 occurs 1990 times. Compute the sum of the digits of the number N2.
(1 mark)

6. Assume that a, b, c, d are four real numbers such that 
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Find the value of 16a + 25b + 36c + 49d.
(2 marks)

7. Let P be an interior point of ABC and extend lines from the vertices through P to the opposite sides. Let a, b, c and d denote the lengths of the line segments indicated in the figure. Find the product abc if 
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(2 marks)

8. A sequence 
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 for any positive integer n. Find 
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(2 marks)

9. The pages of a book are numbered 1, 2, 3, …. When the page numbers of the book are added, one of the page numbers was mistakenly added twice, resulting in the incorrect sum of 1990. What was the page number that was added twice?
(2 marks)

10. Ten people form a circle. Each picks a number and tells it to the two neighbours adjacent to him in the circle. Then each person computes and announces the average of the numbers of his two neighbours. The figure shows the average announced by each person (not the original number the person picked). What is the number picked by the person who announced the average 8?
(2 marks)

11. Find the largest positive integer n for which n! can be expressed as the product of (n – 3) consecutive positive integers.
(2 marks)
12. Find the remainder when 31990 is divided by 41.
(2 marks)
Section B (25 marks)
Answer all questions.
Write your answers on the answer book, showing necessary working.

13. In the figure, AB // QR. Show that PS bisects AB and QR.
(3 marks) 

14. Let 
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be the 
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-digit number 11…1. Show that 
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(4 marks)

15. Let ABCD be a tetrahedron with AB = 3, AC = 8, AD = 6, BC = 7, BD = 5 and CD = 4. Let d be the distance between the mid-points of the edges AB and CD. Find
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.
(6 marks)

16. A collection of integers chosen from 1, 2, ​…, 1000 has the property that none of its members is 3 times another. What is the maximum number of members such a collection can have?
(6 marks)

17. For n = 0, 1, 2, …​, let
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