International Mathematical Olympiad 1990
Hong Kong Preliminary Selection Contest

Outline of Solutions

Section A

Answers:

1.
699
2.
6
3.
3
4.
(a), (b), (c), (d)

5.
n + 1, n (n + 1)
6.
a = 3, b = 6
7.
507
8. 
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9.
2
10.
7

Explanations:

1. 
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 for every x. So f is the constant function 
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2. For x > 0, 
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3. n! ends in 0 for 
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, so the answer is the unit digit of 1! + 2! + 3! + 4!, which is 3.

4. For (a), (b), (c), it is easy to see that one of the factors is divisibly by 2 and another one is divisibly by 3, so each is divisible by 6. For (d), either both terms are odd or both are even, hence the expression is even. If n = 3m, then the expression is of the form 
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, which is a multiple of 3.

5. See the Contest for IMO 1989, Problem 9. 

6. 89b is divisible by 8 implies b = 6. a1989b is divisible by 9 implies a + b = 9, so a = 3.

7. Note that 
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8. 
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. Then max 
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9. The remainders of 
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 (n = 1, 2, 3, …, 7) when divided by 7 are 1, 1, 6, 1, 6, 6, 0. The pattern repeats for larger values of n. Since 1990 = 7  284 + 2, so the answer is the same as that when 
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 is divided by 7, which is 2.

10. Note that 
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Section B

11. If x = 0, then y = 0, 1. If 
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. The remainder is 14.

13. AD = BC = 2 AB sin 10. By sine law, 
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14. By the AM-GM inequality, area 
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, with equality if and only if a = b = c.

15. See the Contest for IMO 1988, Problem 12.

16. Suppose the roots 
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 for i = 1, 2, …, n. From the last three coefficients, we get 
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17. Without loss of generality, suppose A is the largest angle.
Then 
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18.
(a)
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Next, we have 
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(b)
We have 
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19. We are looking for k such that 
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