International Mathematical Olympiad 1988
Hong Kong Preliminary Selection Contest

Section A

1. A trapezium has perpendicular diagonals and altitude 4. If one of the diagonals has length 5, find the area of the trapezium.
(1 mark)
2. If a, b, c, d, e are real numbers such that 
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, find the greatest value of e.
(1 mark)

3. A 9 cm  12 cm rectangular piece of paper is folded once so that a pair of diagonally opposite vertices coincide. What is the length of the crease?
(1 mark)

4. If a, b, c are distinct rational roots of 
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, find the values of a, b, c.
(1 mark)

5. Find a fifth degree polynomial 
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(1 mark)

6. If 
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 for all real x and y, find 
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(1 mark)

7. Let x and y be two two-digit natural numbers with 
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. The product xy is a four-digit number beginning with 2. If this 2 is deleted, the resulting number is equal to 
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(2 marks)

8. If n is a given non-negative integer, how many distinct non-negative integral solutions are there for each of the following equations?

(a) 
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(2 marks)

9. Let 
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 be a constant such that 0 <
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< 1.

(a) How many distinct values does 
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(b) Find the product of all these values in terms of 
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.
(2 marks)

10. Let 
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 denote the greatest integer not exceeding x. Find in terms of n, 
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, n = 2, 3, ….
(2 marks)

11. In the figure, the two circles are of radii 8 cm and 6 cm and their centres are 12 cm apart. Through one of the points of intersection P, a line QR is drawn in such a way that the chords QP and PR have equal lengths. Find the length QP in surd form.
(2 marks)



12. Let 
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 be the sum of the first n terms of the sequence 0, 1, 1, 2, 2, 3, 3, 4, 
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 in terms of x and y, where x and y are positive integers and 
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(2 marks) 

13. In the figure, the diameter AB intersects the chord CD at H. The length of AB is a two-digit integer. Reversing the digits gives the length of CD. The distance from H to the centre O is a positive rational number. Find the length of AB.
(2 marks)


Section B

Each question carries equal marks.

1. (a)
Prove that 
[image: image31.wmf]2

4

+

n

 is not an integer for all natural numbers n.

(b)
Prove that, for all positive real numbers x, 
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(c)
If n is a positive integer, show that 
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, where [x] denotes the greatest integer not exceeding x.

2. GKA is an isosceles triangle with base GK of length 2b. GA and AK each have length a. Let C be the midpoint of AK and z the circumcircle of the triangle GCK. Let Y be the point on the extension of AK such that if E is the intersection of YG with z then EY is of length 
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3. (a)
Show that for any positive integer n and real 
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(b)
Let f be a real-valued function defined for all real numbers. 
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satisfies the following conditions: 
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If, for some real number 
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 is a constant for all positive integers n, prove that either f is identically zero, or 
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4. Let m and n be (fixed) integers greater than 1, m even, and f a real-valued function, defined for all non-negative real numbers, that satisfies the following conditions:

(i)
For all 
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(ii)
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Prove that 
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