International Mathematical Olympiad 2001

Hong Kong Preliminary Selection Contest

(Sponsored by the Quality Education Fund)

May 28, 2000


Time Allowed: 3 Hours

Answer ALL questions.

Put your answers on the answer sheet.

The use of calculator is NOT allowed.

1. Find the sum of all real x satisfying 
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(1 mark)

2. In how many ways can 30﹗be expressed as the product of two integers p and q such that 
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 and p, q are relatively prime.
(1 mark)

3. Find the coefficient of 
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 in the expansion of 
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(1 mark)

4. If [x] represents the greatest integer less than or equal to x, find the sum of 
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(1 mark)

5. If x, y are nonzero numbers satisfying 
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(1 mark)

6. For how many real numbers a do the quadratic equations 
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 have only integral roots?
(1 mark)

7. Suppose 
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 are the roots of 
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(1 mark)

8. 2000 lamps are controlled by 2000 switches, numbered 1, 2, 3, …, 2000. A click on each switch will either turn the lamp on or off. In the beginning, all the lamps are off. On the first day, all the switches are clicked once. On the second day, all the switches numbered 2 or a multiple of 2 are clicked once. Similarly on the nth day, all the switches numbered n or a multiple of n are clicked once, and so on. How many lamps will be on after the operation on the 2000th day?
(1 mark)

9. Point B is in the exterior of the regular n-sided polygon 
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 and 
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 is an equilateral triangle. Find the largest value of n such that 
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, 
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 and B are consecutive vertices of a regular polygon.
(1 mark)

10. There are three parallel lines 
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, 
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 and 
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 on the plane, with 
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 in between. The distance between 
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 is 4, and the distance between 
[image: image23.wmf]2

L

 and 
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 is 3. A, B and C are points on 
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 respectively, such that 
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 is an equilateral triangle. Find the area of the triangle.
(1 mark)

11. A circle is inscribed in 
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. D, E are points on AB and AC respectively, such that DE is parallel to BC and is tangent to the circle. If the perimeter of 
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 is p, find the maximum length of DE.
(1 mark)

12. In 
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, 
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. D, E are points on AB and AC respectively such that DE divides 
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 into two parts of equal area. Find the minimum length of DE.
(1 mark)

13. D is a point inside 
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. PDS, QDT and RDU are lines parallel to BA, CA and CB respectively such that P, Q lie on BC, R, S lie on CA, and T, U lie on AB. If the areas of 
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 are respectively 8, 128 and 32, find the area of 
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(1 mark)

14. The numbers 
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(2 marks)

15. There are n distinct points on a plane. Eight different circles 
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 are drawn such that 
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 passes through one of the points, 
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 passes through two of the points, 
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 passes through three of the points, and so on. Find the minimum value of n.
(2 marks)

16. Let S denotes a finite sequence of the letters a and b, and f denotes a function defined by 
[image: image50.wmf]()

fS

= the new sequence formed by changing all “a”s to “a, b” and all “b”s to “b, a”. For example, 
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 (n times), find the number of pairs of consecutive “b”s in 
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(2 marks)

17. The circumcircle of the isosceles triangle ABC has AB as a diameter. There is a circle Γ tangent to BC at its midpoint E and tangent to the minor arc BC at F. If 
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, find the length of the tangent from A to Γ.
(2 marks)

18. In 
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D

, BC, CA and AB are divided by P, Q and R respectively in the same ratio. AP intersects BQ at X, BQ intersects CR at Y, and CR intersects AP at Z. Each of the areas of 
[image: image58.wmf]ARZ

D

, 
[image: image59.wmf]BPX

D

, 
[image: image60.wmf]CQY

D

 and 
[image: image61.wmf]XYZ

D

 equals 1 cm2. Find the area of the quadrilateral PCYX.
(3 marks)

19. B is a point on the line segment AC such that 
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 are drawn with diameters AC, AB, BC respectively, and all are on the same side of AC. Let E be on 
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, V on 
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 be such that UV is a common tangent to 
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(3 marks)

20. In each of 12 photographs, there are 3 women; the woman in the middle is the mother of the person on her left and is a sister of the person on her right. The women in the middle of the 12 photographs are all different persons. Determine the smallest number of different persons in the photographs.
(3 marks)
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