SRR IEBEBEHE
4th Pui Ching Invitational Mathematics Competition

P (hiug)
Final Event (Secondary 4)

IRFFR - 2 7]NR¥

Time allowed: 2 hours

SEEBFAN

Instructions to Contestants:

L ARBIGEH ~ W - B35 100 73
This paper is divided into Section A and Section B. The total score is 100.

2. EREFHIFEISL - AGANRIRTE B R TER] -

Unless otherwise stated, all numbers in this paper are in decimal system.

3. BREFRFREASL » Pra B DT B SE WL B o Az DM -
Unless otherwise stated, all answers should be given in exact numerals in their simplest form.

No approximation is accepted.

4. HFTH B A EA AT e 220 b o AR AGTED K -
Put your answers on the spaces provided on the answer sheet. You are not required to hand in

your steps of working.

5. TR -

The use of calculators is not allowed.

6.  AEBHIMTEA—E HRELBIREL -

The diagrams in this paper are not necessarily drawn to scale.



FHER (60 53-)
Section A (60 marks)

1R A FRE3 S - Questions 1 to 4 each carries 3 marks.
SR 8H  FHEHS ) - Questions 5 to 8 each carries 5 marks.
HORE 128 FFET - Questions 9 to 12 each carries 7 marks.

L —iRAR/INES 24%32 IR JTIEARR AT DABIE n /NI - BEAR G/ NIRES R IE 5 IE - (A9 NBRE
RS2 > ) 3K n B/ NATRE(HE
A rectangular piece of paper of size 24x32 can be cut into n small pieces such that each small

piece is square in shape. (The small pieces are not necessarily of the same size.) Find the
smallest possible value of n.
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JERITERRS » sE(EVYE PR R % 2

The 61 points in the figure make up 96 equilateral
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triangles each with area 1. If 4 points are to be chosen
from these 61 points so that they form the vertices of
a quadrilateral, what is the largest possible area of
this quadrilateral?

3. 4 (@ +b)(c’ +d*) = (ac—bd) +(ad +bc)* = {1 5872 FIRCHI{E AR ST/ - (BE
DLox? +y? Jotdior > Horpx y BIEEE, - )
It is known that (a® +b*)(c*> +d*) = (ac—bd)* + (ad +bc)*. Express 58x72 as the sum of
two square numbers. (Express your answer in the form x°+y>, where x and y are positive

integers.)

4. [EPATREEELT - EEET T~ BRI TR A
i b = A B2 AL AR - 2RI > X005 AT B TR R 2 13 | 4
T JE N AR RS RS R R R ?

The figure shows a magic square in which the sum of the three

numbers in each of its rows, columns and diagonals is the same.

However, some entries are missing. What should be the number

in the lower left hand corner?
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15 A0 = 1 - 35 M ZIEH ErY—8 - (15 ZAMO &
K> 3K sin ZAMO -

In the figure, O is the centre of the circle. The radius of the
circle is 3. A is a point inside the circle with AO=1. M is a
point on the circumference such that ZAMO is the greatest.
Find sin ZAMO.

[Eth » ZBAC = 30° » BC FS[EIFUELR » AB ~ AC 4)HIE
BIFHZTY D~ E - # ABC WHEE 12 KIUEE
BCED HJfifs -

In the figure, ZBAC = 30°, BC is a diameter of the circle
and AB, AC at meet the circle at D, E respectively. If the

area of AABC is 12, find the area of the quadrilateral BCED.

/NIIRLINEE 53 RG> ZWEFTEAR - HOR > FIRH ) 42% WA e 2k > IR

CAZHIERE NBLE NG 56% » SR LA I ERA: NI e/ IV

Myron and Lily study in Schools A and B respectively. One day, 42% of the students of

School A were transferred to School B. As a result, School B has 56% more students than

School A. What is the smallest possible value of the original number of students in School B?

AEFT RIS > A ER P RHMURAFE T - CA1 S =

55 SRPULATE MATH 4 -

In the calculation shown, different letters represent different

digits. Given that S = 5, find the value of the four-digit integer

MATH.
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On the rectangular coordinate plane, an ant
starts walking from the point (1,1). In each step
it walks 1 units upwards, downwards, to the left
or to the right. After 11 steps it stops at the
point (4,7). How many different possibilities
are there for the route taken by the ant?

®a,n

°
4.7)

WE TR - O ZEWEL » AB YJEA A D ZIE
WH—%G > DB BHEIFHASHA C - 75 BC = CD = 3>
OD=2> AB=6 > REIPR -

In the figure, O is the centre of the circle, AB is
tangent to the circle, D is a point in the circle and DB
intersects the circle at C. If BC = CD =3, OD =2 and
AB = 6, find the radius of the circle.

ke Ao o WA HAE RS = SRR RV R AR T
12 BE B 70 12 <500 > B ARy G kEiia
BURG > etk PHEE SR IR+ R AR G - I

BV RS (RS rem Al s cm - 5k = -

As shown in the figure, two people each marks 12 points on
the circumference of two identical circles to divide the
circumference into 12 equal parts. After that, they connect
the points in different ways and then colour the regular 12-
sided polygon in the middle. If the side lengths of regular
12-sided polygons R and S are r cm and s cm respectively,

find = .
R)
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Mr Au played a game with five students, Ben, Carl, Don, Eric and Fred. He prepared 7 cards
with the numbers 1, 2, 3, 4, 5, 6 and 7 written respectively. Mr Au put a card on the forehead
of each student. The two remaining cards are hidden. Every student could see the numbers on
the cards on others’ forehead but not the one on his. Their subsequent conversations are as
follows.

‘Ben, do you know the number on your forehead?” Mr Au asked.

‘No, but I know the number on my forehead is greater than Carl’s and Don’s,” said

Ben.

‘Does anyone know the number on your forehead now?” Mr Au asked all students.
‘I know.’ replied Carl, Don and Eric together.

‘But we still do not know what they are.” Ben and Fred complained.

‘Let me give you a hint.” said Carl, ‘the sum of the numbers on your foreheads is a
multiple of 4.

‘We know now. Thanks, Carl.” answered Ben and Fred.

Assume that all students are intelligent (i.e. they can make deductions whenever there is

enough information). What is the product of the hidden numbers?
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Section B (40 marks)

13.
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2055 ~ -oe ~ 2005 557 o HAENYEHE . I ERRERHTA] -

An alien visited the Earth with his special piano. This piano has 2005 keys, which are labelled

as number 1, number 2, ..., number 2005. Consecutive keys are separated by the same distance.
1 2 3 2004| 2005
() RN XRYE NG kEZ5E - 32 7 101 Xk - iU EHEE AL 1oy

(b)

SR (ARFIZROHLEI KRB —EAHF]) o 3R k i/ N AT REfIA -

The alien pressed exactly k keys each time for 101 times. As a result of this,
each key has been pressed an odd number of times (different keys may be
pressed by different numbers of times). What is the smallest possible value of
k?

SRENE 101 545 o EMERLMEY 101 EFERFERHZ T 101 EA[H
MIEEGE > H AT Wy EFRAR T Bp B AH A RE - RIERAMIFE 101 fjd%:
FERFFT RS R — M T RZ - BRI E AT DI AN E Y
"HI%,

The alien has 101 fingers. When it uses all its 101 fingers to press 101
different keys simultaneously in a way such that the distances between
successive fingers are the same, then we call the sound obtained by pressing

these 101 keys a ‘chord’. How many ‘chords’ can this special piano produce?

(593)

(5 marks)

(553)

(5 marks)
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To say hello, the alien pressed two keys which are labelled as number m and
number n, where m and n satisfy (m°, n*)=6(m, n)—9. Here (x, y) denotes

the H.C.F. of x and y. Find the greatest possible value of m+n. (6 marks)

(d) FREABEPHHEERRT - 38 7 — BB ARG HIER - BT ORIIINE — iR T
B 0 AU 1S JHR X 30 HR X TS B o HiBR ABUE 7 268 nrgE A
TEEEE ] - B S BE S EYML > A2k 10 FXK -
BRI IRRI AT AT REE RS 2 DN 5K 2 (443)

The alien gave us a gemstone as a present when he left the Earth. The
gemstone is in the shape of a cuboid and its dimensions are
15cmx30cmXx75cm. A number of copies of the gemstone were made for
display purposes. Each copy is similar to the original gemstone, and has a side
of length 10 cm. Find, in cm3, the sum of all possible volumes of the

gemstone copies. (4 marks)

14. lERrs > AMEAN A~B~C~ D~ EHl FARKF?
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Six people, A, B, C, D, E and F, sit around a circle of
radius 1 as shown in the figure. Any two adjacent
players are separated by the same distance. Six cards E C
numbered 1 to 6 are distributed to the six people by a
judge. Each person can only see the numbers on his
own card and the cards of his two neighbours. The
score of each person is the product of the three

numbers he can see.
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How many different possible values are there for the score of A? (4 marks)
(b) RN AIFIIRERIAY K AT HEfH © (677)
Find the greatest possible value of the total score of the six people. (6 marks)

RAHPIE I AN AR > A =N o BEERHAY =07 B ES rlE 8 = JE - 1
AV AAAERE = AR BARALE © T =i EAR - AIZHEE A -
The judge then randomly divides the six people into two groups of three. The three people in

each group form a triangle, and the judge must sit in the area common to the two triangles. If

the two triangles do not overlap, the judge will need to regroup the six people.

() KFFEEFT IR - (573)
Find the probability that regrouping is necessary. (5 marks)

(d) KA~ C~ D YimtE—#H > B~ E~ F QIPGHRAES L o KPR
Wb SR IR - (573)

In the end, A, C, D form a group and B, E, F form another group. Find the

area of the region in which the judge may sit. (5 marks)
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END OF PAPER



