Pui Ching Middle School 3rd Invitational M athematics Competition

Individual Event (Secondary 3)

1 30
Timeallowed: 1 hour 30 minutes

I nstructionsto Contestants:

1. 100
This paper is divided into Section A and Section B. The total scoreis 100.

2.
Unless otherwise stated, all numbersin this paper are in decimal system.

3.
Unless otherwise stated, all answers should be given in exact numerals in their simplest form.
No approximation is accepted.

4.
Put your answers on the spaces provided on the answer sheet. You are not required to hand in
your steps of working.

5.
The use of calculatorsis not allowed.

6.

The diagrams in this paper are not necessarily drawn to scale.



60

Section A (60 marks)

1 4 3 Questions 1 to 4 each carries 3 marks.

5 8 5 Questions 5 to 8 each carries 5 marks.

9 12 7 Questions 9 to 12 each carries 7 marks.
1. P q 2004 60 70 pq 2004

If p and q leave remainders of 60 and 70 respectively when divided by 2004, what is the
remainder when pq is divided by 2004?

2. p q 5p+39q=91 p
If pand q are prime numbers such that 5p+3q =91, find p.

3, AL B(O7 C(@1 D AB
AB~ CD CD

LetA(1,1),B (9, 7) and C (7, 1) be three points on the plane. If D is a point on AB such that
AB " CD, find the length of CD.

4. 111111111117 11111121111

What is the sum of digitsin the product 11111111111" 111111111117

5. 10 cm 21 cm

Peter tries to build tetrahedra with wooden sticks. He only has wooden sticks of lengths 10 cm
and 21 cm. What is the largest number of tetrahedra of different shapes he can build? (Two
tetrahedra are regarded to have the same shape if we can suitably rotate them to make the
lengths of the corresponding edges the same.)



ABCD M N

B M C
BC CD AM N BC B
AN " CD AB=13 BM =5 MC N
=9 MN
ABCD is a paralelogram. M and N are
points on BC and CD respectively such
that AM ~» BC and AN~ CD. If AB = 5
13, BM = 5 and MC = 9, find the length A
of MN.
0.8+0.88+0.888+---+0.88...88 > 2004 m
m
If 0.8+0.88+0.888+---+0.88...88> 2004, find the |east value of m.
m digits
A 1 XY Z A DXYZ

DXYZ

Aisthe centre of acircle of radius 1 and X, Y are points on the circumference. Z is a point such
that A is the centroid of DXYZ. Find the largest possible area of DXYZ. (Remark: By joining
each vertex of atriangle with the mid-point of its opposite side, the three straight lines meet at
apoint, called the centroid of the triangle.)

I 2004 3
7 04/03/07 04+03=07

2000 1 1 2100
12 31

A usua way of writing dates is the ‘YY/MM/DD’ method of expressing a date as a six-digit
number. For instance, 7th March 2004 is denoted as 04/03/07. Since 04+03 =07, we say that
thisis a‘good day’. In general, aday is said to be a‘good day’ if, among the three two-digit
numbers representing ‘year’, ‘month’ and ‘day’ in the above representation, one of them is
equal to the sum of the other two. How many ‘good days are there in the 21st century (from
1st January 2001 to 31st December 2100)?



10.

11.

12.

384 64 6

S S

In the figure, 384 squares of the same size are arranged regularly in 64 columns with 6 squares
in each column. The sguares are connected together by straight lines. Each square is coloured
red or green in away such that no two columns have identical colouring. Now we remove the
red sguares, so that the remaining green sguares are split into several mutually disconnected
parts. Suppose that the part with the largest number of squares has S squares, find the smallest
possible value of S

\ | [ |
| | | \
| [ \ |
[ | | |
| | | [
I\ _J
oV
64
64 columns
1 O A B C D ABCD
A O D AB: AD =1:2 ABCD

A circle centred at O has radius 1. A, B, C are three points on the circumference, and D is a
point such that ABCD is a parallelogram. If A, O, D are collinear and AB: AD =1:2, find the
perimeter of ABCD.

$1 $2 $4 $8  $16 $23

The currency in a country consists of only $1, $2, $4, $8 and $16 notes. How many ways are
there to pay exactly $23 if no change is allowed?
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Section B (40 marks)

13. ABCD p o} pqg

ABCD is arectangle of length p and width g. It is divided
into pq small squares of side length 1. Vertices of these
small squares are said to be ‘lattice points. The figure
shows the case with p = 5 and g = 6. The shape and size of

p=5 qg=6 P q
ABCD

ABCD vary asthe values of p and g change.

@

(b)

(©)

(d)

p=99 q=2004

If p=99 and q = 2004, how many lattice points will there be in the figure?

p=48 (=72 AC A C

Suppose p=48 and q=72. How many lattices points are there on the
straight line AC (including A and C)?

p=3 q=4

Suppose p=3 and g=4. Now we want to form rectangles (including

squares) by picking four lattice points. How many different choices are there?

AC 2004
ABCD S S
5000

Peter cuts the rectangle along the straight line AC. He finds that exactly 2004
of the small squares are split into two parts. Denote the perimeter of ABCD by
S Itisknown that Shas many different possible values. Among these possible
values, find the one that is closest to 5000.

3

(3 marks)

(4 marks)

(6 marks)

(7 marks)



14.

Al Bl
A2 B2 A3 B3

Mary is tying her shoelace. There are 2 columns of holes, each with 7 holes on it. The holes
are evenly distributed on a plane in a rectangular shape, with each of the holes at a distance of
1 cm from its neighbours (see Figure 1). When Mary ties the shoelace, she always ties the
shoelace through hole A1 first, then to a hole on column B, and then back to a hole on column
A and so on, until shereturnsto hole B1. In order to save time, Mary will only tie the shoelace
through exactly one of the two holes on the same row except for the first row (holes A1 and
B1), i.e. the shoelace will not go through both A2 and B2, nor both A3 and B3, etc. The
shoelace can pass through each hole a most once. Figure 2 shows some possible
configurations of the shoelace under the above rules.

oy

1cm
Al o o Bl
/vrlcm
A2 o o B2
A3 o o B3
A4 o o B4
A5 o o B5
A6 o o B6
A7 © o B7
Figure 1 Figure 2



@

(b)

(©

(d)

4
In how many different ways can Mary tie the shoelace? (Two ways are
regarded to be the same if the orders by which the shoel ace passes through the
holes are the same in both ways.) (4 marks)
1cm?, Al © o B1, 14cm?
S cm? S
2cm?, A2 © o B2, 13cm?
15
3cm?,A3 © o B3,12cm? 6

The figure shows the areas of the holes. 4cm2, Ad o o B4, 11cm?2
Suppose that the sum of the areas of the
holes which the shoelace passes through is 5cm? A5 o o B5, 10cm?
Scm?. How many different remainders are ) )
) o 6cm<, A6 o o B6, 9cm
possible when Sisdivided by 157 (6 marks)

7cm?2, A7 o o B7, 8cm?2

14s, Al o o Bl1,1s

4
13s,A2 o o B2, 2s

The figure shows the time needed to tie the

shoelace through each of the holes. What 125,A3 o ©B33s

is the minimum amount of time (in 11s, A4 o o B4 4s

seconds) that Mary needs to tie the

shoelace? 10s,AS © © BS, 58 (4 marks)
9s,A6 © ° B6, 6s
8s,A7 o o B7, 7s

Al Bl 6
Find the minimum length of the shoelace from hole A1 to hole B1. (6 marks)

END OF PAPER
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192

17

180
13

2255
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730
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Individual Event (Secondary 3) Answers

13 (a)

13 (b)

13(c)

13 (d)

14 ()

14 (b)

14 (c¢)

14 (d)

200500
25
74

5010

720
10

51

55+ 242



