Pui Ching Middle School 3rd Invitational M athematics Competition

Individual Event (Secondary 1)

1 30
Time allowed: 1 hour 30 minutes

I nstructionsto Contestants:

1. 100
This paper is divided into Section A and Section B. The total scoreis 100.

2.
Unless otherwise stated, all numbersin this paper are in decimal system.

3.
Unless otherwise stated, all answers should be given in exact numerals in their simplest form.
No approximation is accepted.

4.
Put your answers on the spaces provided on the answer sheet. You are not required to hand in
your steps of working.

5.
The use of calculatorsis not allowed.

6.

The diagrams in this paper are not necessarily drawn to scale.



60

Section A (60 marks)

1 4 3 Questions 1 to 4 each carries 3 marks.

5 8 5 Questions 5 to 8 each carries 5 marks.

9 12 7 Questions 9 to 12 each carries 7 marks.
1. n 2004 1234 2n 2004

If n leaves a remainder of 1234 when divided by 2004, what is the remainder when 2n is
divided by 2004?

2. 3600 60

3600 sguare boxes were aligned as a square with a length of 60 boxes. Alan put a coin in one
of the boxes. Betty wanted to find the coin. Every time she could choose one of the boxes,
open it and the (at most eight) boxes surrounding it. At least how many boxes must Betty
choose to guarantee that she must find the coin?

3. 123 790

How many 3-digit positive integers have the sum of their digits even (e.g. 123, 790)7?

4. 15
10% 135

Peter saved some money in October. In each morning of November, his mother gave him $15
as pocket money. He then spent 10% of the total amount he had for lunch every day. Given
that the amount he had was $135 at the end of November, how many dollars did he spend on
lunch in November?



24 2004

How many positive integers between 24 and 2004 are there such that the product of their
positive factorsis odd?

2004 1 2004
A B CDEAIDBCDE
E 1
A B CDEAIDBCDE
E 1
5 1002

In agame 2004 players line up in arow. They are numbered from 1 to 2004 from left to right.
To start the game, the playerscall out ‘A, B, C, D, E, A, B, C, D, E, ..."” from left to right in
order. Those who call out ‘E’ lose and they have to leave. The remaining players get 1 point
each, and they start to call out ‘A, B, C,D, E, A, B, C, D, E, ..."” from left to right in order
again. As before, those who call out ‘E’ lose and have to leave; those remaining get 1 more
point each and the game starts again. The game is repeated until fewer than 5 players remain.
How many points does the player numbered 1002 get?

10 cm 21 cm

Peter tries to build tetrahedra with wooden sticks. He only has wooden sticks of lengths 10 cm
and 21 cm. What is the largest number of tetrahedra of different shapes he can build? (Two
tetrahedra are regarded to have the same shape if we can suitably rotate them to make the
lengths of the corresponding edges the same.)

ABCD F G
AB CD FG//AD FG
BD E DAEF BCGE E
1 5  ABCD F G

In the figure, ABCD is a paralelogram. F and
G are points on AB and CD respectively such
that FG // AD. FG intersects BD at E. If the
areas of DAEF and trapezium BCGE are 1 and
5 respectively, find the area of ABCD.




10.

DABC 3 45 B A

B AC BC
5

In the figure, DABC with side lengths 3, 4, 5is 3

right-angled at B. Starting from B, perpendiculars

are drawn to sides AC and BC repeatedly. Find the

area of the shaded region. 5 . c

384 64 6
S S

In the figure, 384 squares of the same size are arranged regularly in 64 columns with 6 squares
in each column. The sguares are connected together by straight lines. Each square is coloured
red or green in away such that no two columns have identical colouring. Now we remove the
red sguares, so that the remaining green squares are split into several mutually disconnected
parts. Suppose that the part with the largest number of squares has S squares, find the smallest
possible value of S
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11.

12.

DABC D AC E AB

A
BC?=AB" BE=AC’ CD BC =
12 BD=16 CE 5
In ABC, D is apoint on AC and E is a point on AB E
such that BC>=AB” BE=AC’ CD. If BC =12 and
BD = 16, find the length of CE. B C
I 2004 3
7 04/03/07 04+03=07
2000 1 1 2100
12 31

A usua way of writing dates is the *YY/MM/DD’ method of expressing a date as a six-digit
number. For instance, 7th March 2004 is denoted as 04/03/07. Since 04+03=07, we say that
thisisa‘good day’. In general, aday is said to be a ‘good day’ if, among the three two-digit
numbers representing ‘year’, ‘month’ and ‘day’ in the above representation, one of them is
egual to the sum of the other two. How many ‘good days are there in the 21st century (from
1st January 2001 to 31st December 2100)7?
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Section B (40 marks)

13.

A

The figure below is the street map of ‘Square City’. The side length of each small square
represents an actual distance of 1 km. Mr Chan operates a pizza restaurant at point A and

provides pizza delivery service.

@

w
@)
>

One day Mr Chan received two orders at points B and C respectively. Starting
from point A, he had to deliver the pizzas to points B and C (the order of
which does not matter) via the streets and then return to point A. What is the
minimum distance (in km) that he must travel?

(2 marks)



(b) A B

If Mr Chan can only go northward or eastward via the streets, in how many
different ways can he travel from point A to point B? (5 marks)

(©

6 6

Mr Chan finds that the pizza restaurant, situated in the southwestern tip of the
city, isnot at an ideal location. Whenever orders from the remote northeastern
area are received, high costs of transportation will be involved and thereby
greatly reducing cost-effectiveness. As a result, he decides to close down the
current restaurant and chooses two other locations for two new restaurants.
Each new restaurant must be at the intersection of two streets (i.e. the vertices
of the small squares in the street map), and it is required that whenever orders
at any point on the streets of the city are received, delivery service can be
provided from one of the new restaurants, and the distance of delivery is at
most 6 km along the streets. How many different combinations are there for
the locations of the two new restaurants? (6 marks)

(d)

For convenience, Mr Chan colours each small square on the street map in red,
yellow or green, in a way such that no two small squares in the same row or
column are assigned the same colour. How many different colouring schemes
are there? (7 marks)



14. ABCD p o} pqg

ABCD is arectangle of length p and width g. It is divided
into pq small squares of side length 1. Vertices of these
small squares are said to be ‘lattice points. The figure
shows the case with p = 5 and g = 6. The shape and size of

p=5 qg=6 P q
ABCD

ABCD vary asthe values of p and g change.

@

(b)

(©)

(d)

p=99 q=2004

If p=99 and g = 2004, how many lattice points will there be in the figure?

p=48 (=72 AC A C

Suppose p=48 and q=72. How many lattices points are there on the
straight line AC (including A and C)?

p=3 q=4

Suppose p=3 and g=4. Now we want to form rectangles (including

squares) by picking four lattice points. How many different choices are there?

AC 2004
ABCD S S
5000

Peter cuts the rectangle along the straight line AC. He finds that exactly 2004
of the small squares are split into two parts. Denote the perimeter of ABCD by
S Itisknown that Shas many different possible values. Among these possible
values, find the one that is closest to 5000.

END OF PAPER
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(3 marks)

(4 marks)

(6 marks)

(7 marks)
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11.

12.

464

400

450

450

990

96
41

730

Individual Event (Secondary 1) Answers

13 (a)

13 (b)

13(c)

13 (d)

14 ()

14 (b)

14 (c)

14 (d)

6561

87

1542

200500

25

74

5010



