Pui Ching Middle School 2nd Invitational Mathematics Competition

Group Event (Senior Section)

45

Time allowed: 45 minutes

I nstructionsto Contestants:

1 20 100

There are 20 questions in this paper and the total scoreis 100.

2.
Unless otherwise stated, all numbersin this paper arein decimal system.

3.
Unless otherwise stated, all answers should be given in exact numerals in their simplest form.
No approximation is accepted.

4.
Put your answers on the spaces provided on the answer sheet. You are not required to hand in
your steps of working.

5.
The use of calculatorsis not allowed.

6.

The diagrams in this paper are not necessarily drawn to scale.
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4 3

Questions 1to 4 each carries3 marks.

nz nz n

Given that the volume and the total surface area of a hemisphere are nz cubic centimetres and
Nz square centimetres respectively. Find n.

55...55 12
H_/

2003

Find the remainder when 55...55 isdivided by 12.
—

2003 digits

2003
374312110...

How many 2003-digit positive integers have the property that except for the first two digits,
each digit is equal to the difference between its two preceding digits (e.g. 374312110...)?

6 8 100

In atest there are two sections. There are 6 questionsin Section A and 8 questionsin Section B,
and the full score is 100 marks. It is known that the average score carried by each question in
Section A isthree-fourths that of each question in Section B. How many marks does Section A
carry?

5

8 4

Questions5to 8 each carries4 marks.

5.

f(x)=ax+b a b f(f(x)=4x+9 f (0)

Let f(x)=ax+b for some congtantsa and b. If f(f (x))=4x+9, find the smallest possible
vaueof f(0).



A gameis played between A and B. A has three cards with 1, 3, 5 written on them respectively,
while B has three cards with 2, 4, 6 written on them respectively. Each time each person selects
a card in his hand randomly, and the one whose card has a larger number gets a point. Each
card can only be selected once and the one with more points wins. What is the probability that
B wins?

C

In acircular lake there are two lighthouses A and B. The centre of the lake O lies at their mid-
point, and the distance between the lighthouses is two-thirds of the diameter of the lake. The
serving area of each lighthouse is defined to be the parts of the lake surface such that it is
closest to that lighthouse when compared with any other lighthouses on the lake. Now the
government plans to set up athird lighthouse C on the lake such that all three lighthouses have
the same serving area. How many choices of the position of the third lighthouse C does the
government have?

[X] X [234] =2 [25]=-8 [7]=7
n2
n _—
)
Let [X] denote the greatest integer less than or equa to x. For example, [2.34] = 2, [-2.5] = -3,

2
[7] = 7 and so on. How many positive integers n are there such that {%} IS prime?



9

12 5

Questions9to 12 each carries5 marks.

10.

11.

12.

1

— =0.076923 23
13

— 2003
130
Given 1—13= 0.076923. If % is written as a decimal, what is the sum of the first 2003 digits

after the decimal point?

16x16 256 1x1

A piece of paper of size 16x16 is divided into 256 small squares of size 1x1. Along the sides
of the small squares, Emma cuts the paper into rectangular (including square) pieces having
pairwise different areas. At most how many pieces can she get?

S AB 20 SA =30 C
B A C

Sisthe vertex of aright circular cone and AB is its base diameter with length 20. Given that
SA=230 and C isapoint on B such that the length from A to C on the curved surface of the
cone is minimum. Find this minimum length.

A=(0,4) B=(40 C=(YV) X 'y y=-X*+3x+4 AABC

Let A=(0,4), B=(4,0) and C=(x,y), where x and y are positive numbers satisfying
y =—x* +3x+4. Find the maximum possible area of AABC.



13 16 6

Questions 13t0 16 each carries 6 marks.

14.

15.

16.

13. 45 1 2 45 22

In aclass there are 45 students. Their class numbers are 1, 2, ..., 45. Now 22 students are to be
chosen to attend an activity, and the class numbers of any two chosen students must differ by
at least 2. How many ways are there to choose the students?

(1) n 0
(2 n n
10 < n<10000
A positiveinteger nissaid to be ‘good’ if
(1) itslast digitisnot zero; and
(2) when we reverse the digits of n, the number obtained is a multiple of n.

How many ‘good’ numbers are there in the range 10 < n < 10000 ?

BF BF L AC B
AD =2BD CE=1 BE=3 AD

In the figure, BF is the diameter of the circle, D E
BF L ACand AD = 2BD. If CE=1and BE = 3,
find the length of AD. C
A F
r 1 33 445

r

A tetrahedron is contained in a sphere of radius r. The six edges of the tetrahedron have
lengths 1, 3, 3, 4, 4, 5. Find the smallest possible value of r.



17 20 7

Questions 17 to 20 each carries 7 marks.

17. AABC AB=15 BC=14 CA=13 X Y A BC C AB
XY

In AABC, AB = 15, BC = 14 and CA = 13. X and Y are the feet of the perpendiculars from A to
BC and C to AB respectively. Find the length of XY.

18. 100 5 2 0
100
20
98
21 20 21 n
n-1 n
n n-1
21<n<100 n

In atest there are 100 multiple choice questions. For each question, 5 marks will be awarded
for a correct answer, 2 marks will be deducted for a wrong answer, and 0 mark will be given if
it isleft unanswered. The passing mark is 100.

If astudent answers 20 questions, he must get all 20 correct in order to pass. If he answers one
more question, he must also get that question correct in order to pass (because if he gets it
wrong he will only get 98 marks). So in order to pass, it will be better to answer only 20 rather
than 21 questions. We say that 21 is a ‘bad’ number. In general, we say that n is ‘bad’ if
answering n questions requires one more correct answer to pass than answering n—1 questions.
(And those who are intelligent enough and aim to pass will only answer n—1 questions even if
they are confident with n questions.)

How many ‘bad’ integers n are there in therange 21<n<1007?



19.

20.

XY 10 Z X 8
P PZ 1L ZY ZXPY
tan ZXPY

In the figure, XY isthe goal on the football field, with width 10. Z isa point on the touch line at
a distance of 8 from X. A player, holding the ball at point P, where PZ L ZY, proceeds ahead

and makes a shot when the angle of shooting (i.e. ZXPY) isthe greatest. At thistime, what is
the value of tan ZXPY?

C D D AABC

C A A B C AC=1
AB <1 D

A special kind of compasses has four legs, two of which are pins (call them tips A and B) and
the other two are pencils (call them tips C and D). The compass is designed such that D is
always at the centroid of AABC. Alan uses a pair of compasses of this kind to draw a circle
centred at A using the pencil at C by fixing the pins at A and B and then alowing C to move
under the constraint AC = 1. If AB < 1, find the area enclosed by the curve drawn by the pencil
at D when Alan draws the circle. (Remark: By joining each vertex of atriangle with the mid-

point of its opposite side, the three straight lines meet at a point, called the centroid of the
triangle.)

END OF PAPER
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4
2. 7
3. 90
4. 36
5 -9
. :
7. 2
8 2
9. 9016
10. 21
11. 153

12. 8
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17.
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276

191

2.5



