Pui Ching Middle School 2nd Invitational Mathematics Competition

Individual Event (Secondary 2)

1 30

Timeallowed: 1 hour 30 minutes

I nstructionsto Contestants:

1 20 100

There are 20 questions in this paper and the total scoreis 100.

2.
Unless otherwise stated, all numbersin this paper are in decimal system.

3.
Unless otherwise stated, all answers should be given in exact numerals in their ssimplest form.
No approximation is accepted.

4.
Put your answers on the spaces provided on the answer sheet. You are not required to hand in
your steps of working.

5.
The use of calculatorsis not allowed.

6.

The diagrams in this paper are not necessarily drawn to scale.



1 4 3

Questions 1to 4 each carries3 marks.

1 n 22...22 9 n

If the n-digit number 22...22 isdivisible by 9, find the smallest possible value of n.

2. 2003

2003 diameters are drawn on acircle. What is the maximum number of regions formed?

3. ZAOD = 120° 3£AO0B=/BOD c
ZAOC =22COD 2ZBOC A D

In the figure, Z/AOD = 120°, 3Z/A0B = /BOD
and Z/AOC =2/COD. Find «BOC.

How many four-digit positive integers have their product of digits even?

5 8 4

Questions5to 8 each carries4 marks.

S. 20

2 1

Find the average of the areas of all rectangles (including squares) with integral lengths and
breadths not more than 20. (Note: By switching the length and width the resulting rectangle is
considered to be different from the original one. For instance, a rectangle of length 1 and width
2 isconsidered to be different from a rectangle of length 2 and width 1.)



6. 3 3,30, 31, 32, ... 2003

If all positive integers with leftmost digit 3 are listed in ascending order, i.e. 3, 30, 31, 32, ...,
what will be the 2003rd term?

1. 2003

Peter selects those which are squares or cubes among the first 2003 positive integers and then
adds them up. What is the unit digit of hisresult?

8. 2003 X y

2003 straight lines are drawn on the rectangular coordinate plane. Each of them is either
paralel to the x-axis or the y-axis. What is the maximum number of regions formed by these
lines?

9 12 5

Questions9to 12 each carries 5 marks.

9. — 25
998

When gi iswritten as arecurring decimal, what is the 25th digit after the decimal point?

10. X 1 2003 y X
x=123456789101112...200120022003 y =300220021002...211101987654321 S
y—X S

Let x be the positive integer formed by writing 1 to 2003 in order, and y be the positive integer
formed by reversing the digits of X, i.e. x=123456789101112...200120022003 and
y =300220021002...211101987654321. Given that sis a composite number and is a factor of

y— X. Find the smallest possible value of s.



11. 3x3 1 9

M m
M-m

In a 3x 3 table, each cell is filled with an integer between 1 and 9, while different cells are
filled with different numbers. We then colour in red the cell in each row with the largest
number, and colour in green the cell in each row with the smallest number. Let M be the
smallest of the numbers in the three red-coloured cells, and m be the largest of the numbersin
the three green-coloured cells. How many different possible valuesof M —m are there?

12. 64 8
8 49 e o o o o o o o
e o o o o o o o
4 e o o o o o o o
e o o o o o o o
As shown in the figure, 64 points are drawn on e o o o o o o o
aplane, arranged in a way such that there are 8 e o o o o o o o

points in each row and 8 points in each column,
forming 49 congruent squares which comprise a
large square. If we choose 4 points among them
to be the vertices of a square, how many
different possible areas of the squares are there?

13 16 6

Questions 13to 16 each carries 6 marks.

13. n A(n) n 1 23
10111 A(23)=4 A+ A(2)+---+ A(1024)

For positive integer n, let A(n) denote the number of 1’sin the base 2 representation of n. For
example, 23 in base 2 representation is 10111, so A(23)=4 . Find the vaue of
A+ A(2) +---+ A(1024) .



14. 123xyz789 999 X+y+2z

If the nine-digit number 123xyz789 isdivisible by 999, find the value of X+ y+ z.

15. a b a>b

a+b 90 100

ab

Mr Poon told Dora and Ken: ‘1 thought of two positive integers a and b, where a>b.” He then
secretly told Dora the difference of the two numbers (i.e. a—b) and Ken the product of the
two numbers (i.e. ab). Their subsequent conversation is recorded below.

Mr Poon asked Dora, ‘Do you know what a and b are?
‘No.” Dora answered.

Then Mr Poon asked Ken, ‘Do you know what a and b are?
‘Yes, they are ...” Ken said.

Mr Poon interrupted Ken immediately and asked Dora again, ‘Do you know what a and b
arenow?

At that time, Dora said, ‘Now | know what they are after listening to the conversation
between Ken and you. Their sum (i.e. a+b) is greater than 90 but less than 100. Am |
right, Mr Poon?

‘Yes. You are so clever!” Mr Poon said.

Assuming that Ken and Dora are honest and intelligent (it means that whenever the answer can
be confirmed, they must know the answer), find ab.



16. 2003 1 2003 20

4 1 3
2003 21

2003 children are labelled 1 to 2003. Each of them has 20 candies at the beginning. Candies
are then given to or taken away from them as follows. 3 candies are given to each child with a
label which isamultiple of 1, then 1 candy is taken away from each child with alabel whichis
a multiple of 2, then 3 candies are given to each child with a label which is a multiple of 3,
then 1 candy is taken away from each child with alabel which isamultiple of 4, and so on, till
finally 3 candies are given to each child with a label which is a multiple of 2003. How many
children can get extra candies (i.e. have 21 candies or more) in the end?

17 20 7

Questions 17 to 20 each carries 7 marks.

17. A B

The figure below shows the street map of ‘ Triangle City’. If aperson at A wantsto go to B but
is only allowed to go along the streets towards north, east or northeast, in how many different
possible ways can he travel ?




18. ABCD E AD FAB G BD
DEFG BG=1 CD=8 FD L CD AE

In the figure, ABCD is a paralelogram. E isa point on AD, F isapoint on AB and G is a point
on BD such that DEFG isarectangle. If BG=1, CD =8and FD L CD, find the length of AE.

B C

19. 15

15 students, three from each of secondary 1 to secondary 5, take part in a workshop. They are
to be divided into groups of three, and it is required that any two members in the same group
differ by at most one form. In how many different ways can we divide the students into groups?

20. ABCD X Z AD DC O Y O
XZ O AB BC CD DA oy ZX BA
\W WX=5 XY=3 YZ=2 ABCD

In the figure, ABCD is arhombus. X and Z are points on AD and DC respectively. O is a point
inside the rhombus, Y is the foot of the perpendicular from O to XZ and the distances from O to
AB, BC, CD and DA are dl equal to OY. If ZX and BA are produced to meet at W, WX = 5, XY
=3and YZ = 2, find the area of ABCD.

W A B

END OF PAPER



Individual Event (Secondary 2) Answers

1. 9 13. 5121
2. 4006 14.15
3. 50° 15. 97
4. 8375 16. 1753
5. 110.25 17. 1806
6. 30891 18. 33
7. 0 19. 280
8. 1005006 20. 80
9. 2

10.6

11.8

12. 18



