Pui Ching Middle School 2nd Invitational Mathematics Competition

Individual Event (Secondary 1)

1 30

Timeallowed: 1 hour 30 minutes

I nstructionsto Contestants:

1 20 100

There are 20 questions in this paper and the total scoreis 100.

2.
Unless otherwise stated, all numbersin this paper are in decimal system.

3.
Unless otherwise stated, all answers should be given in exact numerals in their ssimplest form.
No approximation is accepted.

4.
Put your answers on the spaces provided on the answer sheet. You are not required to hand in
your steps of working.

5.
The use of calculatorsis not allowed.

6.

The diagrams in this paper are not necessarily drawn to scale.



1 4 3

Questions 1to 4 each carries3 marks.

1 n 11..11 9 n

If the n-digit number 11...11 isdivisible by 9, find the smallest possible value of n.

10 5

Mr Chan participates in a game. The rule of the game is as follows: Each player needs to
answer 10 ‘True or False’ questions on aticket. If he can answer at least 5 of them correctly,
he wins a prize. Otherwise, he loses. At least how many times must Mr Chan play this game so
asto guarantee at least 1 prize? (Note: The same questions are set on every ticket.)

In a country, there are only four types of coins, $1, $3, $5 and $7. In how many ways can
exactly $10 be paid if no changeis alowed?

4. 100

If we multiply together all odd primes less than 100, what will be the unit digit of the result?

5 8 4

Questions5to 8 each carries4 marks.

S. 3 3,30, 31, 32, ... 2003

If all positive integers with leftmost digit 3 are listed in ascending order, i.e. 3, 30, 31, 32, ...,
what will be the 2003rd term?



n=>3 (1+}jx(l+ljx(l+ljx---x(l+lj>2003 n
3 4 5 n

Let n>3 be a positive integer. If (1+§]x(1+%jx(l+é)x--~x(1+1)>2003, find the
n

smallest possible value of n.

$123 $129 $141
$4 $10

Alan, Peter and Tom each made a guess of the price of a toy car. Alan guessed $123, Peter
guessed $129 and Tom guessed $141. Among their guesses, the smallest error was $4 and the
largest error was $10. Find the actual price of the toy car.

2003

A teacher divides 2003 students into a certain number of groups, and the number of studentsin
each group isrecorded. At most how many different positive integers can be recorded?

12 5

Questions9to 12 each carries 5 marks.

10.

10

2 1

Find the average of the areas of all rectangles (including squares) with integral lengths and
breadths not more than 10. (Note: By switching the length and width the resulting rectangle is
considered to be different from the original one. For instance, a rectangle of length 1 and width
2 isconsidered to be different from a rectangle of length 2 and width 1.)

1000

1000 pairs of parallel lines are drawn on a plane. What is the maximum number of regions
formed by these lines?



11. 1

3, 2y
8 +a,++ay

A supermarket has only one cashier counter. Now 10 customers queue up for paying. One of
them purchases 1 piece of goods, one purchases 2 pieces of goods, and so on, and one
purchases 10 pieces of goods. It is known that the paying process takes 1 minute for each piece
of good bought (for instance, the paying process will take 5 minutes if one buys 5 pieces of
goods). Let a, , a,, ..., 8, denote the waiting time (in minutes) for the 10 customers. Waiting

time includes the time paying for one’s own goods. Find the minimum possible value of
at+a,++a,.

12. 3x3 1 9

M m
M-m

In a 3x 3 table, each cell is filled with an integer between 1 and 9, while different cells are
filled with different numbers. We then colour in red the cell in each row with the largest
number, and colour in green the cell in each row with the smallest number. Let M be the
smallest of the numbers in the three red-coloured cells, and m be the largest of the numbersin
the three green-coloured cells. How many different possible valuesof M —m are there?

13 16 6

Questions 13to 16 each carries 6 marks.

13. ABCD E AABE  ADEC 5
2 ABCD

ABCD is a pardlelogram and E is an arbitrary point on the plane. If the areas of AABE and
ADEC are 5 and 2 respectively, find the minimum possible area of ABCD.



14.

15.

a b a>b

a+b 90 100

ab

Mr Poon told Dora and Ken: ‘I thought of two positive integers a and b, where a>b.” He then
secretly told Dora the difference of the two numbers (i.e. a—b) and Ken the product of the
two numbers (i.e. ab). Their subsequent conversation is recorded below.

Mr Poon asked Dora, ‘Do you know what a and b are?
‘No.” Dora answered.

Then Mr Poon asked Ken, ‘Do you know what a and b are?
‘Yes, they are ...” Ken said.

Mr Poon interrupted Ken immediately and asked Dora again, ‘Do you know what a and b
arenow?

At that time, Dora said, ‘Now | know what they are after listening to the conversation
between Ken and you. Their sum (i.e. a+b) is greater than 90 but less than 100. Am |
right, Mr Poon?

‘Yes. You are so clever!” Mr Poon said.

Assuming that Ken and Dora are honest and intelligent (it means that whenever the answer can
be confirmed, they must know the answer), find ab.

99.3%

Amy joined the presidential election of the Student Union and obtained 99.3% of the votes,
correct to 1 decimal place. What is the smallest possible number of voters?



16. 2003 1 2003 20

2003 21

2003 children are labelled 1 to 2003. Each of them has 20 candies at the beginning. Candies
are then given to or taken away from them as follows. 3 candies are given to each child with a
label which isamultiple of 1, then 1 candy is taken away from each child with alabel whichis
a multiple of 2, then 3 candies are given to each child with a label which is a multiple of 3,
then 1 candy is taken away from each child with alabel which isamultiple of 4, and so on, till
finally 3 candies are given to each child with a label which is a multiple of 2003. How many
children can get extra candies (i.e. have 21 candies or more) in the end?

17 20 7

Questions 17 to 20 each carries 7 marks.

17. n
2003 n

Peter picked ten consecutive positive integers and divided each of them by a positive integer n.
He found that the sum of the ten remainders obtained is equal to 2003. Find the smallest
possible value of n.

18. AABC /A=2/B BC =4 CA = C
3 AB
In AABC, Z/A=2/B, BC =4 and CA = 3. Find 4 3
the length of AB.
B A



19. A B

The figure below shows the street map of ‘Triangle City’. If a person at A wants to go to B but
isonly allowed to go along the streets towards north, east or northeast, in how many different
possible ways can he travel ?

B
N
A
20. ABCD X Z AD DC O Y O
XZ O AB BC CD DA oYy ZX BA

W WX=5 XY=3 YZ=2 ABCD

In the figure, ABCD is arhombus. X and Z are points on AD and DC respectively. O is a point
inside the rhombus, Y is the foot of the perpendicular from O to XZ and the distances from O to
AB, BC, CD and DA are dl equal to OY. If ZX and BA are produced to meet at W, WX = 5, XY
=3and YZ = 2, find the area of ABCD.

W A B

END OF PAPER



10.

11.

12.

30891

6009

$133

62
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2000001
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97

134
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