Trigonometry

In this section, we will be mainly concerned with the theoretical aspects of trigonometry for the Form 4 to Form 5 syllabus. This includes the extension of the domain of definition (which is roughly the allowed values of x that can be used to yield a cosine, sine or tangent.) of the trigonometric functions to 360 degrees, the sketching of the curves of the trigonometric functions, methods of solving trigonometric equations, and some review on the relations between different trigonometric functions. We will start by introducing a new measure unit for the angles, the radian.

1.
The Radian Measure 


In lower forms, we usually have to express an angle in degree. One degree actually corresponds to one three hundred and sixtieth of one whole turn. Now, we are going to introduce one seemingly redundant way or measuring angles. It involves dividing one whole turn into two times
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parts rather than 360 parts. By simple ratio, we get the following: 
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It really takes time to explain the usefulness of this new measure of angles. One of the most important advantages, I think, is the simplification of the operation (and making it possible) about differential and integral calculus. Moreover, it is now easier to represent formulae of area of sectors, as follows: 
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where r is the radius and
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 is the angle subtended by the arc or sector. Please compare with the one you learnt in previous years.


The first one is to be derived now.
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where alpha is in degree, while the theta is in radian. 
· In this notes, we will use radian and degree interchangeably. There is still one more thing to add. When we talk about radians, we will seldom mention the word ‘radian’. That means when we talk about an angle without unit being mentioned, we are using radian.

2.
Extension of definition of the trigonometric functions

In Form 2, we learnt how to define cosine, sine and tangent, just as ratios of two sides of a right-angled triangle. But this leads us to a narrow domain of definition of the functions. Our aim is to naturally extend the definition of the functions first to a whole turn (360 degrees or 2 pi of radians), and then naturally to all reals. We will try to stick to defining the trigonometric functions as ratios of sides. But there is a problem. How can we have a right-angled triangle with an interior angle greater than 90 degrees (
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We will have to interpret the angles in new ways so as to extend the concept of ‘angle’. The first one to change is to add in the concept of orientation. Consider the x-y plane, we always start with the positive x-axis. If our ‘rod’ goes in anti-clockwise direction, and we are to measure the angle turned by the rod (the angle betwixt the rod and the positive x-axis), we say the angle is a ‘positive’ angle. If the rod turns clockwisely, the angle measured is said to be negative.

Example 2.1.
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figure 1.

The angle marked by the straight line, although in magnitude is 45 degree, should be interpreted as negative 45 degree. The arc describes a positive angle of 315 degree. The horizontal is the positive x-axis.

We now need some diagram to motivate one of the extensions of sine and cosine (tangent as well, of course), say, to an angle ranges from 90 degree to 180 degree. Then we will just conclude to results of extension, and finally give a convenient way of memorizing them. 

Let’s concentrate on sine ratio.


Recall that sine ratio is defined as 
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 for a right-angled triangle. So we also want to consider triangles that are somehow ‘right-angled’. Like the triangle ABC below. Assume that angle B is a right angle. 
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figure 2.

So analogously, we define
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, with both lengths being positive.


How about the cosine ratio?


We define analogously
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, but this time we consider the length of AC as negative, because that the line is on the negative side of x-axis.

One other thing to mention is that we always treat the ‘rod’ AC to be of positive length.


This is why we have negative sine, cosine and tangent ratios.


For other angles, readers may just derive analogously and will find out the relation betwixt the trigonometric function value of the angle under investigation and one suitable corresponding angle within 90 degrees. We first list all of them out. The last identity enables us to extend the domain to all real numbers.

Proposition 2.1.

The followings are true, with angle 
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 within 90 degrees (actually for all angles, by the last line of our proposition), 
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 denotes any angles:
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where trigofunction denotes any trigonometric functions mentioned: sine, cosine, tangent.

Example 2.1. 
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Example 2.2. 
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Note that as we have for the last line in the proposition that 
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 denoting any angles, the steps in example 2.2. are justified.


At last we introduce a tricky way to help you remember all the relations in the proposition. The method goes like this:

1. Locate the rod, say in figure 2, we have the rod AC.

2. Mark the acute angle y between the rod AC and the x-axis.

3. Remember the ‘CAST’ rule, which means that cosine ratio in the fourth quadrant (270 to 360 degrees) is positive, all ratios for angles in the first quadrant are positive, and goes on. (Checked this yourself) Write down the sign of the ratio for the angle under investigation (the original one). 
4. The trigonometric function value of the angle equals
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Example 2.3. 

Express
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in terms of an angle ratio within 90 degrees.

Note that 560 degrees is in the third quadrant, where the tangent ratio should be positive for such angles. Acute angle between the ‘rod’ and the x-axis is 20 degrees. So we have the answer
[image: image20.wmf]tan20

o

. You may use the proposition to check the answer.

Example 2.4.
Do the same for
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Such an angle is in the fourth quadrant, where sine ratio is negative. ‘Rod degree is 10 degrees’. We have 
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Example 2.5.
Simplify
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, x is any angles.

The answer is 0.

Exercise

1. Simplify
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3.
Trigonometric equations


An equation means an expression involving an algebraic expression being set to be equal to another algebraic expression. If the algebraic expressions involve only one variable, solving this equation means finding suitable values of x such that the equality really holds. For example, for the equation
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, solving it means to find the x such that the equality becomes an identity, and in this case the x is negative one.


Sometimes there are many solutions. For example, the equation 
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 is true for all x that is in the form
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, where n is any integers. (See the last line of the proposition 2. and note that we have zero as one of the solutions.) Thus we would like to confine ourselves to solutions in a range of values, and for the case of that equation involving sine function considered before, we can confine ourselves to consider solutions which is between zero and two pi. In this case the solutions we want are zero and two pi. 

· From now on, we will stick to radian notations.

A trigonometric equation means we have trigonometric functions in our algebraic expression. Solving it means finding all the x (we only consider the one variable case) such that the equality holds. As seen before, such equations involving trigonometric functions may have infinitely many solutions, so we always consider restricting the region in getting the solutions we want. We will illustrate the necessary techniques with examples.

Example 3.1. 

Solve the trigonometric equation
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, where the theta is between zero and pi over two. 
By proposition 2.1.
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Next we check that the assumption is justified, that is, it will not lead to more solutions. (If it does, we need to include it into our solutions, given that it is in the range of our consideration, namely zero to phi over two.)

But if cosine theta is equal to zero, then sine theta cannot be zero simultaneously, and this violates our second line of the implications.

Example 3.2.

Solve 
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, with x ranging from zero to two pi.
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The first one gives 
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 as solutions. The second one gives
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We need to resubstitute the solutions got into the original problem to see whether it satisfies the equation this time, because the first step we applied in our calculation is not reversible: if we start with line one of our calculation, we will get one more equation with the right-hand side constant being negative one.

After checking, we see that the solutions are zero, pi over two and two pi.

Exercise

2.
Solve
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4.
Graphs of trigonometric functions

When we have a trigonometric function, say, sine, we may get a list of values in pairs in the form of
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, where the first value may be treated as x-coordinate, while the second is y-coordinate. By so doing, we can get a collection of points. If we join the points, we get a curve. This curve is called the graph of the function sine. (Or in more advanced context, we treat the pair of coordinate
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to be the graph of sine.)


You have already encountered some graphs in lower forms, like the straight line, which is a line joining the collection of points
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, where y is given by the equation of straight line in terms of x.


Now, we are to discuss the graphs of the three trigonometric functions, and some operations on the graphs, say, translation and dilation.


We will first discuss the graphs of the sine function first.


By our extension before, we can define sine function for arbitrary angles. Thus we can have our graph being defined everywhere! But, by the last line of proposition 2, we can restrict our attention to only a two pi section of values of theta, as the values of sine for angles just repeat itself for every addition of two pi. 

· For functions having its function values being repeated after an addition of a definite positive number, we say that the function is periodic. Every such definite number is called a period of the function. (Some books may refer the smallest one of all these definite numbers the period of the function, but such a minimum need not exists, so we don’t follow that definition here.)

Illustration. Sine function satisfies
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, so every number equal to 
[image: image39.wmf]2

n

p

 is a period of sine. It follows from proposition 2 that we have 
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 as the periods of tangent function.


It now suffices to discuss the graph of sine for theta betwixt zero and two pi. Actually, you will see that we only need the graph of sine betwixt zero and pi over two, which we know it already in Form 2.


We see that
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, for theta between zero and pi over two. By simple sketch, we see that the graph of sine between pi over two and pi is just the reflection of the shape of the graph over the straight line
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. The left hand side shows the sine function between zero and pi over two, while on the right between zero and pi. The x-axis shows the angles in radian.
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figure 3.

For angles over pi to two pi, we have
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, thus the graph is just the reflection over x-axis of the graph within zero and pi. The right graph below shows the whole graph of sine in zero and two pi.
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figure 4.

The graph of cosine is treated similarly. As cosine is also of period two pi, we only show the graph of cosine in zero and two pi.
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figure 5.

The analysis of tangent function is a little bit different. It is because we have at every 
[image: image47.wmf]2

n

p

p

+

, with n denoting any integers, the tangent function goes to infinity (positive or negative). As the tangent function has period of pi, we only need to analyze the function values within a pi interval of values of theta. We choose 
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 so as to push the two points at which their tangents go to infinity to the ends. One is already familiar with the values of tangent within zero and pi over two. We have by
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, that the graph of tangent within negative pi over two to zero is just the reflection over x-axis of the graph you are familiar with. The left graph is the one you are familiar with, while on the right shows the graph on
[image: image50.wmf](,)

22

pp

-

.

[image: image51.wmf]0.25

0.5

0.75

1

1.25

1.5

25

50

75

100

125

150

-1.5

-1

-0.5

0.5

1

1.5

-75

-50

-25

25

50

75


figure 6. 

Finally, we talk about how to sketch graphs like
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, A, B, C, D are constants. In the first time, we set
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The A denotes an amplifying factor for the amplitude of sine function. Thus we have now the sine function having the toppest point being A and lowest point being 
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. The D causes the equilibrium line to rise by D. Note that if we consider the rise before the amplification, we will yield the wrong graph
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. Note the amplification of amplitude to 3 and the rise of the equilibrium by 2.
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figure 7. 

Now we consider 
[image: image59.wmf]1,0,0

ADB

==>

. In this case, we have cancelled the effect of causing changes in the y direction as shown in figure 7. With non-zero B and C, we compress or stretch the graph in the x direction. For negative B, we can use
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 to reduce the case to what we will discuss in this section.


Note that we have the A and D responsible for changes in the y direction, and the changes in B and C are responsible for changes in the x direction.


Rewrite
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. Thus we have
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corresponding to the values of x that gives
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. We thus see the sine function ‘starts’ at
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, with period (smallest)
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, within x between zero and two pi. (For convenience for comparison, the right graph starts from negative pi.)
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figure 8.


Shifting in other cases is treated similarly.

5. Applications 
We will derive the important cosine and sine rules in trigonometry.


Cosine rule is just an extension of the famous Pythagorean theorem. It deals with the relation between the three sides and one included angle of a triangle. Before we state the theorem, we need to talk about how we name the angles and the sides in a triangle.


We will illustrate this with a figure. The principle idea is to mark a side by small letter, say, a, and then we mark the angle opposite to a by A, capital letter.
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figure 9. 
Proposition 5.1. (Cosine Rule)


For A, B, C being the angles of a triangle and a, b, c being the corresponding sides as in figure 9, we have: 
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Proof. We will only prove the first one, the other are just similar. We consider two cases, one with C greater than pi over two, another smaller than pi over two. (The case that C equals pi over two is just the Pythagorean theorem.)

We will first treat only the case for C greater than pi over two. Consider the figure below.

[image: image71.wmf]d

A

B

C

c

b

a

D


figure 10. 
Angle D is so constructed such that it is a right angle. Apply Pythagorean theorem, we get:
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where the theorem follows. We have used the compound angle formula in the second last line. Another way of proving this is to draw a perpendicular form A to BC produced. Readers are asked to work it out.

For C smaller than pi over two:
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figure 11.

Perpendicular from A to CB (produced) yields the answer. 

Q.E.D.

Corollary 5.2. 


The followings are true:
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Proof. This follows easily from the previous proposition. 

Q.E.D.

Proposition 5.3. (Sine Rule)


Let R be the radius of the circumscribed circle of the triangle. Then:
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Proof. Consider the following graph:
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figure 12. 
Angle B is a right angle. Angle E equals angle C by angle in the same segment. We have:
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others follow similarly.


Q.E.D.

We then talk about the applications on bearing.


The notion of bearing should have been introduced in Form 1 geography. We use angles to specify direction from a point to another point. There are two types of bearing: whole bearing and compass bearing. We can clearly specify the north, east, south and west direction from a point to another. But how about the intermediates? Here is where the bearing drops in. For whole bearing, we denote the north by 0 degree (note that in bearing, we usually stick to degree rather radian.), then turn anticlockwise so that we have east being denoted to be on 90 degrees, south 180 degrees and west 270 degrees, etc. For compass bearing, we also need the four basic directions to specify our direction. We always start our counting of angles from the north or the south direction. Take the north as illustration first. Imagine now our counter lies on the north and is to rotate to our ‘angle’. If the counter rotates 30 degrees to the east, we say the direction is 
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 is defined similarly. For counter starting at south, we say 
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 instead. For the directions that are critical, like the east and the west, counting from the north or the south are both acceptable. We will always mean compass bearing when only bearing is mentioned.

Example 6.1. 
We wish to find the bearing of A from B. Note that except A, B, C, N, (merely point labels) all others are angle labels as well as point labels (if there are points corresponding to it). Length AB is 6, BC is 8, while the other is 5. Angle I is of 50 degrees.
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figure 13.

We are to find G, and write
[image: image83.wmf]NGE

. (We have to measure from B.) The crosses are drawn to the three points to show clearly the four basic directions. So the crosses are having right angles.

Our strategy is to consider CH produced to meet BG produced at Y. (As shown in the next page.) We then find angle H (40 degrees), the angle contained in the angle C.
By cosine rule, we can find angle C ( the angle of the triangle ABC ). Then we know the small angle just below M by alternate angles of parallel lines. The M is easily found by cosine rule (or sine rule, which we will use in our calculation first.) So G is found. Now let’s work it out.
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The second one is to be rejected as seen in the sketch (ask yourself why there are two answers. Actually there are infinitely many, but we only restrict to angles within pi, as angle in a triangle cannot be larger than pi. ) Thus we get
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Or we may use cosine rule.
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which gives a unique angle (note that the cosine ratio has different signs within 90 degrees and within 90 and 180 degrees.)
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figure 14.
Next we talk about 3D geometry.


One of the most difficult parts in dealing problems concerning 3D geometry may be the different terms used in describing angles, sides, etc, which are imbedded in the 3D Euclidean space. We will start with some terminology thus.

Definition 7.1.


Here we define the following terms.

1. Intersecting line of two planes: Just as what you think intuitively.

2. Angle between two planes: Fix any point in the intersecting line (If they do not intersect, either can we ‘lengthen’ the plane so that they intersect or can we conclude that they are parallel. In the first case, we define the intersecting line as that between the two lengthened planes. In the second case, we conclude that angle between the two planes is 0 degrees.). Then draw two perpendicular lines to the intersecting line, one lying on one plane. The angle between two planes is the angle between these two perpendiculars.

3. Projection of a line onto a plane: There exists a unique line that is perpendicular to the plane (called the normal direction). The points on the line A are joined to the plane by constructing two lines in the direction of the perpendicular through the two endpoints of the line A. Each constructed line cuts the plane at one point. The points join together to form the projection of line A.

The main technique in 3D geometry is to isolate the planes containing the angles or sides to be found. The most difficult part involves finding the angles between two planes where the plane containing the angle has to be constructed rather than being already in existence. We will illustrate with the example below.

Example 7.1. 

Consider a regular pyramid with base ABCD being a square of side length 8. The vertex is V and the slant height is 12. Find the angle between planes for the plane VAB and VBC.
Solution.

Now the intersecting line of the two planes is the line VB. By definition, we have to find a line of perpendicular to the intersecting line first. For convenience, we use the altitude from the point A, cutting VB at Z. As of the regularity of the pyramid, we have ZC being the altitude of the other triangle. So we are to find the angle CZA.

In order to help ourselves with this purpose, we isolate the triangle CZA. We have AC being, by Pythagorean theorem that,
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. Obviously, CZ and AZ are the same. We only need to calculate one of them. Let’s compute CZ. By Heron’s formula, we have the area of the triangle VBC being:
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a, b, c denote the three sides of the triangle.

By the formula 
[image: image91.wmf]1

areabasealtitude

2

=×

, we get that the altitude is 7.542.

The angle is easily found by cosine formula and is left as an exercise. The answer is
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Exercise

3.
Find the angle between plane ABCD and VAC.
9.
Solution to exercise

1. 
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2. 
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3.  1.2094. 

5
Page 18 of 18

_1090784097.unknown

_1091209878.unknown

_1091211965.unknown

_1091376574.unknown

_1091895540.unknown

_1091896115.unknown

_1091896535.unknown

_1091897113.unknown

_1091897705.unknown

_1091896925.unknown

_1091896499.unknown

_1091895573.unknown

_1091742220.unknown

_1091814786.unknown

_1091815430.unknown

_1091817674.unknown

_1091742507.unknown

_1091742721.unknown

_1091742240.unknown

_1091378810.unknown

_1091378958.unknown

_1091741852.unknown

_1091742038.unknown

_1091741539.unknown

_1091378812.unknown

_1091378521.unknown

_1091212178.unknown

_1091297938.unknown

_1091376548.unknown

_1091296472.unknown

_1091212166.unknown

_1091212177.unknown

_1091212036.unknown

_1091210681.unknown

_1091211582.unknown

_1091211694.unknown

_1091210908.unknown

_1091210081.unknown

_1091210082.unknown

_1091209981.unknown

_1091206693.unknown

_1091207992.unknown

_1091209291.unknown

_1091209634.unknown

_1091208578.unknown

_1091207331.unknown

_1091207793.unknown

_1091207330.unknown

_1091126395.unknown

_1091206191.unknown

_1091206322.unknown

_1091206190.unknown

_1091123609.unknown

_1091124576.unknown

_1091125441.unknown

_1091125851.unknown

_1091124769.unknown

_1091123637.unknown

_1090784923.unknown

_1091123403.unknown

_1090784447.unknown

_1090781993.unknown

_1090783534.unknown

_1090783850.unknown

_1090783988.unknown

_1090783676.unknown

_1090782441.unknown

_1090782621.unknown

_1090782312.unknown

_1090256726.unknown

_1090781011.unknown

_1090781163.unknown

_1090780114.unknown

_1090255726.unknown

_1090255879.unknown

_1090255614.unknown

