Reciprocation: Basic Properties and Applications

Definition.
(Reciprocation)
Take a circle centred at O and with radius r on the plane. For any point P different from O, construct a straight line 
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 passing through P’, the inverse of P, and perpendicular to the ray OP.

We call 
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 the polar of P and P the pole of 
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Basic Properties of Reciprocation
1.
If A is on the polar of B, then B is on the polar of A.
2.
If P is outside circle O and the tangents from P to O meet O at M and N, then MN is the polar  of P. 
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3.
If a straight line is constructed from a point P outside circle O cutting O at R and S, and if RS meets the polar of P at Q, then (P, Q, R, S) is a harmonic quadruple (equivalently, we may say that (P, Q, S, R) is a harmonic quadruple). In other words,
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If the circle with diameter RS is taken to be the circle of inversion, then Q is the inverse of P.

4.
Suppose A, B, C and D are four points on the circle of inversion, AB and CD (suitably produced if necessary) meet at P, AC and BD (suitably produced if necessary) meet at Q, AD and BC (suitably produced if necessary) meet at R,. Then the polar of P is QR. Similarly, the polar of R is PQ, and so the polar of Q is PR.
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Proof.

1.
Let A’ and B’ be the inverses (with respect to circle O) respectively. Then we have 
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, so A, A’, B, B’ are concyclic. Consequently,

A is on the polar of B 
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 B is on the polar of A.
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2.
Let Q be the intersection of OP and MN. Note that OP ( MN and OM ( PM. By considering similar triangles OPM and OMQ we have 
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. Hence, Q is the inverse of P, and thus MN is the polar of P.
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Remark: If A, B are the intersections of OP with circle O, then (A, B, P, Q) is a harmonic quadruple. Conversely, if AB is a diameter and P, Q are points on AB such that (A, B, P, Q) is a harmonic quadruple, P and Q are the inverses of each other.

3.
In order to prove that (P, Q, R, S) is a harmonic quadruple, we suppose that R’S’ is the diameter of circle O which lies on the straight line OP. Denote the intersection of RR’ and SS’ by X (which may be at infinity), the intersection of RS’ and R’S by Y. We will show that XY is the polar of the point P. Since R’S’ is a diameter, (R’RS’ = (R’SS’ = 90(. So Y is the orthocentre of (XR’S’, and XY ( OP.

Let XY meet RS at Q and R’S’ at Q’. With R as the center of perspectivity, project the four-tuple P’Q’R’S’ onto the straight line XY, it gives the four-tuple QQ’XY. Next, with S as the center of perspectivity, project the four-tuple QQ’XY back to straight line OP, we obtain the four-tuple P’Q’S’R’. In the process of the two perspectivities, the cross ratio of the four-tuple remains unchanged, so the cross ratio (P’Q’R’S’) = (P’Q’S’R’). This is equivalent to saying that (P’, Q’, R’, S’) is a harmonic quadruple. Consequently, Q’ is the inverse of P, and XY is the polar of P.

Finally, note that the four-tuple PQRS is the image of the four-tuple P’Q’R’S’ (with X as center of perspectivity), so (P, Q, R, S) is also a harmonic quadruple.
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Remark: The fact that (P’, Q’, R’, S’) is a harmonic quadruple can be proved by the Ceva’s and Menelau’s Theorems, which is equally elegant.

4.
We first prove that the polar of P is QR. Suppose QR meets AB at E and CD at F. By a projectivity (refer to the proof of Property 3), it can be proved that (A, B, P, E) is a harmonic quadruple. By Property 3, the polar of P passes through E. Similarly, the polar of P passes through F. So QR is the polar of P.

By the same argument, we see that PQ is the polar of R, so the polar of Q pases through R (and similarly through P too). Hence, PR is the polar of Q.
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Applications of Reciprocation
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Example 1.

A circle is inscribed in quadrilateral ABCD. E, F, G, H are the points of tangency. Prove that the lines AC, BD, EG and FH are concurrent.

Solution.

If EF // HG and HE // GF, then the proof is easy. Without loss of generality we assume EF intersects HG.[image: image23.wmf]H
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 Suppose EG and FH meet at X. We will prove that BD also passes through X.

Let P be the intersection of EF and GH. Then the polar of P (with respect to the given circle) passes through X. (Property 4)

On the other hand, EF, the polar of B, passes through B. So the polar of P passes through B.

Similarly, the polar of P passes through D.

Since the polar of P passes through B, X and D, these three points are collinear. (Similarly, A, X and C are collinear.)

Example 2.

(Chinese Mathematical Olympiad 1996, Problem 1)

Let H be the orthocentre of (ABC. From A construct tangents AP and AQ to the circle with BC as diameter, where P, Q are the points of tangency. Prove that the three points P, H, Q are collinear.

Solution.

First, note that the polar of A with respect to the given circle is PQ. (Property 2)

Suppose AB and AC meet the circle at X and Y respectively. Clearly, BY and CX meet at H, the orthocentre of (ABC. Consequently, the polar of A passes through H. (Property 4)

As a result, P, H and Q are collinear.
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Example 3.

(Chinese Mathematical Olympiad 1997, Problem 4)

Let quadrilateral ABCD be inscribed in a circle. Suppose lines AB and DC intersect at P and lines AD and BC intersect at Q. From Q, construct the two tangents QE and QF to the circle where E and F are the points of tangency. Prove that the three points P, E, F are collinear.
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Solution.

By Property 2 we know that the polar of Q with respect to the given circle is EF. On the other hand, Property 4 asserts that the polar of Q passes through P. Consequently, P, E and F are collinear.
PAGE  
Page 6 of 6

_1009736954.unknown

_1092745716.unknown

_1093800606.unknown

_1009441112.unknown

_1009441862.unknown

