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Techniques for problems involving in-centres

Today I came across a geometry problem in Mathematical Excalibur, which goes as follows:

Problem.

Two circles, 
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, centred at 
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 respectively, meet at A and B. 
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 at E. 
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 is produced to meet 
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 at F. A straight line is constructed through B parallel to EF cutting 
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 at M and N. Prove that 
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Faced with such a problem, a very natural way of thought is to try to prove that AF = MB (and by the same argument we can prove AE = NB, thereby completing the proof). To prove this conjecture, we need only prove that 
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On the other hand, we notice that 
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. Consequently, the problem has now been reduced to proving that B lies on the internal bisector of (AFE. If this can be done, then by the same argument B also lies on the internal bisector of (AEF. That is, B is the in-centre of (AEF.

The above analysis shows that a possible way to solve the problem is to prove that B is the in-centre of (AEF. Note that this is independent of the points M and N, so we can remove them from the figure and obtain the simplified figure below.
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There are of course more than one ways to prove that B is the in-centre. If B really is the in-centre then


[image: image18.wmf]11

2

AFEAFBAOBAOE

Ð=Ð=Ð=Ð

,

and so the points A, 
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, F and E are concyclic (and by symmetry we know that 
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 also lies on this circle).
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Conversely, proving that the points A, 
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, F and E are concyclic would be essentially the same as having proved that B is the in-centre of (AEF (readers may try with this). But here I would like to introduce another technique of proving in-centres. This makes use of the concept of locus to determine the in-centre. Having mastered this technique, problems involving orthocentres can be dealt with similarly.

This technique is heavily based on the following lemma.

Lemma.
If P is a point inside (XYZ, then it is the in-centre of the triangle if and only if it satisfies the following conditions.

(i)
P lies on the internal angle bisector of angle X;

(ii)
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It is clear that the in-centre of the triangle satisfies (i) and (ii) above. But why any point that satisfies (i) and (ii) must be the in-centre? We can understand this using the concept of locus. The set of points satisfying (i) is a line segment inside the triangle, while the set of points satisfying (ii) is a circular arc. It is clear that these two loci have a unique intersection, so a point satisfying both (i) and (ii) must be the in-centre of the triangle.

Now let’s return to the original problem. Let 
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. Then we have 
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. By the same argument 
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. Hence (BAE = (BAF, i.e. B lies on the bisector of (EAF. The condition (i) of the lemma is satisfied. On the other hand, note that 
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. It is easy to see that condition (ii) is also satisfied. Consequently, B is the in-centre of (AEF.
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Incidentally, I first came across this technique in a geometry problem in Chinese Mathematical Olympiad 1999. That was a problem involving orthocentres. At that time I had not mastered this technique, so I spent a long time working out another proof which was not very nice. I would like to end this article with that problem for interested readers to try.

Problem
(taken from Chinese Mathematical Olympiad 1999)

In acute triangle ABC, (C > (B. D is a point on BC such that (ADB is obtuse. H is the orthocentre of (ABD. Point F is in the interior of (ABC and on the circumcircle of (ABD. Prove that F is the orthocentre of (ABC if and only if HD is parallel to CF and H lies on the circumcircle of (ABC.

Hint:
A point P inside an acute triangle ABC is the orthocenter if and only if 
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