The nine-point circle

    Refer to the figure 1, 
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 are midpoints of the sides BC, CA, AB and D, E, F are the feet of three altitudes. Also denote K, L, M be the midpoints of the segments AH, BH, CH of the three altitudes. Since BC is a common side of the two triangles ABC and HBC, whose other sides are bisected, respectively, by 
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 and L, M, both the segments 
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 and LM are parallel to BC (and half as long). Hence 
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 is a parallelogram. Note that 
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 is parallel to AH (and half as long) because 
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 are midpoints of the segments AB, HB. Since AH and BC are perpendicular, 
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 and LM are also perpendicular, i.e. 
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 is a rectangle. Similarly, 
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 is a rectangle (and so also 
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). Hence 
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 are three diameters of a circle, as in the figure 2.

    Since 
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 is a right angle, this circle (on 
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 as diameter) passes through D. Similarly, it passes through E and F. To sum up:

Theorem.    The feet of the three altitudes of any triangle, the midpoints of the three sides, and the midpoints of the segments from the three vertices to the orthocenter, all lie on the same circle, of radius half as the circumradius of the triangle.
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    Following J. V. Poncelet, we called this circle the nine-point circle of the triangle. Since the three points K, L, M are diametrically opposite to 
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, either of the two triangle KLM and 
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 can be derived from the other by a half-turn (that is, a rotation through 
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) about the center of this circle. Clearly, this half-turn, which interchanges the two congruent triangles, must also interchange their orthocenters, H and O. Hence the center of the nine-point circle is the midpoint of HO, which we have already denoted by N in preparation for its role as the nine-point center. In other words:

Theorem.    The center of the nine-point circle lies on the Euler line, midway between the orthocenter and the circumcenter.
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