3D Coordinate Geometry


In this section, we are going to discuss matters concerning geometry in 3D. We will mainly discuss how to describe lines and planes, which are relatively easy, in
[image: image1.wmf]3

¡

.

1. Vectors


We need the notion of vectors extended to 3D to facilitate our discussion. As there is a separate set of notes on vectors, we only brief the essential points here.


First note that we have three unit vectors, being linearly independent, lying along x, y, z-axes. These vectors are denoted by 
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. We have addition and scalar multiplication defined componentwise. We have two vector multiplications defined, namely dot product (inner product), and cross product (outer product). We yield a scalar after dot product on two vectors, and yield a vector after cross product.

Example 1.1.

Compute the dot product and the cross product between 
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Solution.
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2. Constructing straight lines

Recall how we describe lines in two dimensional spaces. We have learnt the general form, point slope form, two point form, slope intercept form and intercept form for writing equations to describe a line. How can we generalize this to 3D?


Readers may find that direct generalization by merely adding a linear term of z is not good enough as we discover that such a new equation produced is not a line. For example, if we write 
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to generalize
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, we find that
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satisfy the equation but they can certainly not be joined up by a straight line! We have to search for a new concept.


An easy way to think of a line may be focusing first at one point on the line. Moreover, intuitively, we may think of a line is generated by a point moving in a definite direction, which when in 2D, coincide with the concept of slope. This way of thinking leads us to define a line as a collection of points, which are related to each other by a movement in a definite direction, which is equivalent to an addition to a vector in that direction with variable length.

Definition 2.1. (A line)


A line S is defined to be a collection of points as below:

{
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where n is 2 or above.

Example 2.1.

Express the line
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in the set form. 

Solution.


Rewrite the line in the form
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First of all, we fix any point on the line, which we choose (0, 9) for convenience in this case. Then we try to find a vector along the line, that is, a vector parallel to the line. The slope is
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. So we fix the vector as
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. (Actually any multiple of the vector along this direction or along the negative direction will do, as we will multiply a t to it anyway, which brings all of them equivalent.) 


The set is

{
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We will further simplify the notion of vectors, which is central to our discussion of lines. We will use n-tuples to denote an n vector, which means that we will use
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to denote
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. There is an obvious advantage of this notion that we need not introduce unit vectors as letters l, m, n, etc.

There is one more note on the set notion of a line. For the line in the example, we will write
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instead of the set. This is known as the parametric form of a line. When there is no ambiguity, we will denote a vector merely by a letter.


Another way of denoting a line is that we use the symmetric form, like the ratio form in example 2.1. We will mainly use parametric form in this text.


By definition 2.1, it is possible to extend the definition of lines to 3D as we know what a vector in 3D space means.                                                   

For the line
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, we mean a line containing the point (3, 4, 5) with ‘slope’ (3,2,1). It seems good to introduce a new term here, direction ratio, which is the tv in definition 2.1.

· We will not write 
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 explicitly when defining a line sometimes.

Example 2.2.

Find the line joining (1, 2, 3) and (3, 0, 9).

Solution.


We need to find one point and the direction ratio. How to find the direction ratio? We know that if the two points are in a straight line, they can both be represented by
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, where a, b are vectors and t is a variable scalar, where the t corresponds to the two points should be different. So we have
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, which is a direction ratio by definition. Finally we represent our line as
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. (This means that we do not have a unique representation for a line in some sense. This is also true for lines in two dimensions, for which we get the same line by multiplying a constant to both sides of the equation.)
3. Angles and distance


The notion of angles has been defined for vectors. To recall, let a, b be vectors. The angle A between the two vectors can be calculated by
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where the angle is the angle between the two directed lines out from their intersection point.

Example 3.1.

Find the angle between the lines
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xtyt

==+

.

Solution.


To proceed, we need to make sure that the two lines intersect so that it is meaningful to talk about the angle of intersection. This is obvious as both lines contain the point (or the vector, when we think the line as a set) (3, 4, 5). The direction ratio for x is (3, 4, 5), and that for y is (1, 1, 1). The angle between the two vectors is
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Next, we consider the distance from a point to a straight line. Of course, what we mean is the shortest distance. Readers may check that such a minimum really exists (the square of the distance between a fixed point (a, b, c) to a line will be a function of t, where t is the scalar multiplied to the direction ratio. One can show that such a function is convex and thus any critical points are minimum.).


After knowing that a minimum really exists, we can calculate the shortest distance between a fixed point and a known line. Of course we are not going to use calculus. We will use vectors. One thing being obvious is that the shortest distance must be measured on a straight line, joining the point and the given line, and being perpendicular to the given line, as shown.
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Figure 1


The point out of the line is A. The line is BC. Let angle P be a right angle. To find distance AP, it suffices to find the length AB and the sine of angle ABP. AB is easily found (one may ask what  B is. Actually one can take any point on the line to be B. Of course, in the derivation of the formula, we should separate the cases: 1. B is not equal to P. 2. B is equal to P.). But how can we find the sine ratio needed? Recall the definition of cross product. We know that
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If we take a to be vector AB, b be the vector CB, then the theta is just the angle ABP in request. Here C is another point on the line, which is not equal to B. So we have the following formula.

Proposition 3.1.


Following the notation in figure 1, we have
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Example 3.2.

Find the distance from the origin to the line
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Solution.

Take any two points from the line, say (1, 2, 3) and (0, 1, 2), and let them be B and C respectively. (0, 0, 0) is the origin. The distance is
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Exercises

1. Prove that there really exists a minimum distance between a fixed point and a fixed line.

2. Find the angle between the lines
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You may wonder why we haven’t considered the shortest distance between two lines. For a better treatment, we have to use the concept of plane, which is to be introduced in the next section. One can of course use brute force to calculate it.

4. Planes in 3-space

How can we define planes?


Intuitively, we have again a plane is a collection of points. In order to characterize a plane, we have to figure out the properties of a plane. We will establish these in terms of vectors. Consider a plane through origin. Then any points lying in the plane can be equivalently described as their corresponding position vectors lying in the plane. Think of any two linearly independent vectors lying in the plane. By forming linear combinations, we can get other vectors. Now we define the collection of vectors obtained from this process as a plane.

Definition 4.1.


A plane S through origin is a collection of points as follow:

{
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Note that the vectors u and v actually lie on the plane, which is simply visualized by substituting s to be 1, t to be zero and then vice versa to find that they are the values attainable by y. One may ask what will the effect be if we use a different pair of linearly independent vectors in the plane (S) in our definition. Actually, one may show by elementary linear algebra that any two linearly independent vectors in the same plane through origin define the same plane. Another natural question is that how we can define a plane if the plane is not through the origin. This is accomplished by a translation defined by vector addition.

Definition 4.2.

Take any vector g in the plane. A plane S is a collection of points as follow:

{
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One can check that the definition 4.2 is equivalent to 4.1, for the case when the plane contains the origin.

This is not very convenient for application, though intuitive. We are going to derive an equivalent definition. Consider definition 4.2, we find that the set of vectors y is just a vector satisfying:
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. Our task is to find a vector orthogonal to both vectors,
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. This vector is not zero due to linear independence. Denote this vector by n, and so we have
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Conversely, if we start from
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, this will lead us to
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, which is equivalent to definition 4.2. Thus we have:

Definition 4.3.


A plane containing a vector g and perpendicular to n is given by
[image: image53.wmf]()0

ygn

-×=

.


The n in the definition is called normal vector. It is found by
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. (Take any sign will do, as we have zero on the right side in definition 4.3.) 
Example 4.1.

Find the plane determined by the three points
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Solution.

We are given u, v, g (assigned according to the order in the question). We need to show that
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So the plane is
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, or in coordinate form, where we consider x, y, z as the scalar coordinates
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Exercises

1. Find the plane containing the point (0, 1, 2) and perpendicular to the line
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. (Note that the denominator is not mistakenly typed to be zero. It is a convention to express that a line is constant in x when written in symmetric form. That is why we mainly stick to parametric form.)

2. Find the vector perpendicular to the normals of the planes in example 4.1. and the last exercise. Then find the line with this vector as direction ratio containing the point (1, 0, 0). Can you deduce how to find the line of intersection between two planes? You will learn this in section 6, but try to think about it before you proceed.  
3. Check that the definition 4.1 is equivalent to that of definition 4.2. 

5. Angles and distance 2


In this section, we are going to measure the distance from an external point to a plane, as well as finding the angles between two planes.


To measure the shortest distance from an external point to a plane, we of course have to make sure that there really exists a minimum, which will be left as an exercise. One obvious fact is that the shortest distance must be measured on a straight line, and the line joining the point and the plane should be at right angle with the plane.


To find the distance, we need to identify that line. But this is trivial. We know the direction ratio, which is simply the normal vector of the plane. We also know a point on the line. So we readily get the equation of the line. We then find the intersection and calculate the distance.


This is the general strategy, but there is a simpler approach. We take any point on the plane and calculate the distance. We then project this vector along the normal vector direction and calculate the length. This method is demonstrated in example 5.1.

Example 5.1.

Find the shortest distance between (1, 0, 1) and the plane
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Solution.

Take any point on the plane, say (a, b, c). The vector ‘joining’ this point to (1, 0, 1) is
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. We get the projection length:
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We can abstract a formula from the above example, which gives us the shortest distance from a point to a plane. Readers might try to check that such a minimum really exists:

Proposition 5.1.


The distance from a point (a, b, c) to a plane
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Proof. Left as exercise.

Q.E.D.


We now study the angle between two planes. Note that a plane is completely determined by its normal vector and one of its points in 3 space. The angle between two plane is just the angle between the two normal vectors (make a sketch!). Thus the angle is easily calculated.

Exercises

1. Find the shortest distance between the two planes
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. (Hint: take one point in plane 1 and calculate the shortest distance between the point and the plane 2. What is the relationship between this distance and the distance to be found? Derive a general formula. Note the planes in concern must be parallel.)

2. Find the angle between the planes
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3. Prove proposition 5.1.

6. Relation between lines and planes


We have introduced lines and planes, what can we say about the relationship between them? First of all, we will talk about how to find the plane containing a line. Then we will answer a question that some conscious readers might urge us to come to. Next we will discuss what can be generated when planes intersect.


Suppose we are given two intersecting lines, how can we find the plane containing them? Another question is whether there exists a plane containing two given lines. The latter question is easy because we only need to find out a plane that contains any two given lines.

So we concentrate on the first question. Note that in order to determine a plane, we need a normal vector as well as a point on the plane. A point on the plane is just any plane on the lines. How can we know the normal vector? Isn’t it trivially that the normal vector is just the vector perpendicular to both lines? So we take the cross product!

Example 6.1.

Find the plane containing the lines
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Solution.

The normal vector is found by crossing the direction ratios. We also have the point (3, 3, 4) in the plane. So the equation of the plane is
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What do we really mean by a plane contains a line? 


Well, this is equivalent to saying that we have all the points on the line being in the plane. This can be checked, for example, in the previous example, by direct substitution as shown. Let us try to verify that the line x is in the plane. Write the line in parametric form, that is
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Here x, y, z are scalar rather than vectors (coordinate components actually). Substitute the coordinates into the plane. Of course we find that the condition is satisfied! (That is
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Next we talk about how to find the shortest distance between two lines. This is equivalent to finding the perpendicular distance between the lines. To do this, we fix any point on one line. We then find the shortest distance between this point and the other line. But is this the shortest distance between the two lines? No, because when we join this point and the point on the other line with respect to which we measure distance, we find that the angle between this line and the first line is not a right angle except we have two parallel lines! 

So it remains to treat the case when the two lines are not parallel!


It follows from previous discussion that we need to find a perpendicular (to both given lines) line joining both lines and measure the distance between the two intersection points. So first we have to find a perpendicular direction, uniquely determined. The cross product is a valid candidate. However, the procedure that we promised can be slightly simplified. We will first outline the general procedure and then give some explanation. 


We first find a perpendicular direction to both lines, and, using this as the normal vector, we find a plane containing one of the lines. Then we find the distance between any point on the other line to the plane. As this line is parallel to the plane, any point will give the same distance. 

This will give us the desired distance, as the line now constructed is perpendicular to both lines, and one can parallelly transport the line along the plane without changing this distance.

Example 6.2.
Find the shortest distance between the lines
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Solution.

We first find out the plane containing the first line, perpendicular to both lines. This leads us to calculate the cross product:
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To simplify, we note that the normal vector is
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. The plane containing the first line must be perpendicular to this vector and contain at least one point of the line, which we choose the point
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Consider the distance between this plane and any point on the second line, which we choose conveniently to be
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. By proposition 5.1, we have:
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Finally we consider the thing that is generated when two planes intersect, namely, the nature of the sets:
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This is equivalent to solving two linear equations in three variables. From knowledge of linear algebra, there are two cases: infinitely many solutions or no solutions. But the case for infinitely many solutions can be further divided into two cases: either the solutions constitute a plane, or the solutions constitute a line (this is a non-trivial result from linear algebra and one should try to visualize it geometrically, we will not prove this here.).


It is easy to visualize that the first case occurs if and only if the two planes are parallel, or equivalently, having parallel normal vectors (an implication that is not true in higher spaces). And so we are naturally interested in the second case.


Recall what you have done in exercise 2 of section 4.


We now outline how we can find the intersecting line. The intersecting line is having a direction ratio perpendicular to the normal vector of both planes, and the line should contain at least one point common to both planes.

Example 6.3.

Find the intersecting lines of the planes
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Solution.

The direction that is normal to both directions is:
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Now we need to find one point contained in both planes, say
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. Thus the line is given by:
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We will end our discussion here. One last point to note is that we always employ vectors to analyze our questions concerning 3D.

Exercises

1. Find the angle between the two planes mentioned in example 6.3. (Consider the angle between the two normal lines. We claim that this is the angle we want. Prove this!)
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