Mathematical Excalibur

Volume 5, Number 2

March 2000 — April 2000

Olympiad Corner

28"  United States of America
Mathematical Olympiad, April 1999:

Time allowed: 6 Hours

Problem 1. Some checkers placed on an
nxn checkerboard satisfy the following
conditions:

(a) every square that does not contain a
checker shares a side with one that
does;

given any pair of squares that contain
checkers, there is a sequence of
squares containing checkers, starting
and ending with the given squares,
such that every two consecutive
squares of the sequence share a side.

Prove that at least (n2 —2)/3 checkers
have been placed on the board.

(b)

Problem 2.
quadrilateral.

Let ABCD be a cyclic
Prove that

| AB-CD|+|AD-BC |=2|AC -BD]|.

Problem 3. Let p >2 beaprimeand let

a, b, c, d be integers not divisible by p,
such that

{ra/p}+{rb/p}+{rc/p}+{rd/p} =2
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Problem Corner

We welcome readers to submit solutions
to the problems posed below for
publication consideration.  Solutions
should be preceeded by the solver’s

name, home address and school
affiliation. Please send submissions to
Dr. Kin Y. Li, Department of

Mathematics, Hong Kong University of
Science and Technology, Clear Water
Bay, Kowloon. The deadline for
submitting solutions is May 20, 2000.

Problem 101. A triple of numbers
(a;,ay,83) = (3, 4, 12) is given. We
now perform the following operation:
choose two numbers a; and a;, (i # j),
and exchange themby 0.6 &; -0.8a; and
0.8a; + 0.6a;j. Is it possible to obtain

after several steps the (unordered) triple
(2, 8, 10)? (Source: 1999 National Math
Competition in Croatia)

Problem 102. Let a be a positive real
number and (X,)n>; b€ a sequence of
real numbers such that x; =a and

n-1
Xn+1 = (N +2)x, —kz kxy , forall n>1.
=1

Show that there exists a positive integer n
such that x, > 1999! (Source: 1999
Romanian Third Selection Examination)

Problem 103. Two circles intersect in
points A and B. A line | that contains the
point A intersects the circles again in the
points C, D, respectively. Let M, N be
the midpoints of the arcs BC and BD,
which do not contain the point A, and let
K be the midpoint of the segment CD.

Show that OMKN =90°. (Source: 1999
Romanian Fourth Selection Examination)

Problem 104. Find all positive integers
n such that 2"-1 is a multiple of 3 and
(2"-1)/3 is a divisor of 4m? + 1 for some

integer m. (Source: 1999 Korean
Mathematical Olympiad)
Problem  105. A rectangular

parallelopiped (box) is given, such that
its intersection with a plane is a regular
hexagon. Prove that the rectangular
parallelopiped is a cube. (Source: 1999
National Math Olympiad in Slovenia)
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Problem 96. If every point in a plane is
colored red or blue, show that there

exists a rectangle all of its vertices are of
the same color.

Solution. NG Ka Wing Gary (STFA
Leung Kau Kui College, Form 7).
Consider the points (x, y) on the
co-ordinate plane, where x =1, 2, ..., 7
andy=1,2,3. Inrow1, at least 4 of the 7
points are of the same color, say color A.
In each of row 2 or 3, if 2 or more of the
points directly above the A-colored points
inrow 1 are also A-colored, then there will
be a rectangle with A-colored vertices.
Otherwise, at least 3 of the points in each
of row 2 and 3 are B-colored and they are
directly above four A-colored points in
row 1. Then there will be a rectangle with
B-colored vertices.

Other recommended solvers: CHENG Kei
Tsi Daniel (La Salle College, Form 5),
CHEUNG Chi Leung (Carmel Divine Grace
Foundation Secondary School, Form 6), FAN
Wai Tong (St. Mark’s School, Form 7), LAM
Shek Ming Sherman (La Salle College),
LEE Kar Wai Alvin, LI Chi Pang Bill,
TANG Yat Fai Roger (La Salle College,
Form 5), LEE Kevin (La Salle College, Form
4), LEUNG Wai Ying, NG Ka Chun
Bartholomew (Queen Elizabeth School, Form
5), NG Wing Ip (Carmel Divine Grace
Foundation Secondary School, Form 6),
WONG Chun Wai (Choi Hung Estate
Catholic Secondary School, Form 7), WONG
Wing Hong (La Salle College, Form 2) and

YEUNG Kai Sing Kelvin (La Salle College,
Form 3).

Problem 97. A group of boys and girls
went to a restaurant where only big pizzas
cut into 12 pieces were served. Every boy
could eat up to 6 or 7 pieces and every girl
2 or 3 pieces. It turned out that 4 pizzas
were not enough and that 5 pizzas were
too many. How many boys and how many
girls were there? (Source: 1999 National
Math Olympaid in Slovenia).

Solution. TSE Ho Pak (SKH Bishop Mok

Sau Tseng Secondary School, Form 6).

Let the number of boys and girls be x and
y, respectively. Then 7x + 3y < 59 and
6x + 2y > 49. Subtracting these, we get
X +y < 10. Then 6x + 2(10 - x) = 49
implies x = 8. Also, 7x + 3y < 59
implies x < 8. So x = 8. To satisfy the

inequalities then y must be 1.

Other recommended solvers: AU Cheuk
Yin Eddy (Ming Kei College, Form 7),
CHAN Chin Fel (STFA Leung Kau Kui
College,), CHAN Hiu Fai (STFA Leung Kau
Kui College, Form 6), CHAN Man Wai (St.
Stephen’s Girls’ College, Form 5), CHENG
Kel Tsi Daniel (La Salle College, Form 5),
CHUNG Ngai Yan (Carmel Divine Grace
Foundation Secondary School, Form 6),
CHUNG Wun Tung Jasper (Ming Kei
College, Form 6), FAN Wai Tong (St. Mark’s
School, Form 7), HONG Chin Wing (Pui
Ching Middle School, Form 5), LAM Shek
Ming Sherman (La Salle College), LEE Kar
Wai Alvin, LI Chin Pang Bill, TANG Yat
Fai Roger (La Salle College, Form 5), LEE

Kevin (La Salle College, Form 4), LEUNG
Wai Ying (Queen Elizabeth School, Form 5),
LEUNG Yiu Ka (STFA Leung Kau Kui
College, Form 5), LYN Kwong To (Wah Yan
College, Form 6), MOK Ming Fai (Carmel
Divine Grace Foundation Secondary School,
Form 6), NG Chok Ming Lewis (STFA
Leung Kau Kui College, Form 6), NG Ka
Chun Bartholomew (Queen Elizabeth School,
Form 5), NG Ka Wing Gary (STFA Leung
Kau Kui College, Form 7), POON Wing Sze
Jessica (STFA Leung Kau Kui College), SIU
Tsz Hang (STFA Leung Kau Kui College,
Form 4), WONG Chi Man (Valtorta College,
Form 5), WONG Chun Ho (STFA Leung
Kau Kui College), WONG Chun Wai (Chol
Hung Estate Catholic Secondary School, Form
7), WONG So Ting (Carmel Divine Grace
Foundation Secondary School, Form 6),
WONG Wing Hong (La Salle College, Form
2) and YEUNG Kai Sing Kelvin (La Salle
College, Form 3).

Problem 98. Let ABC be a triangle with
BC > CA > AB. Select points D on BC
and E on the extension of AB such that BD
= BE = AC. The circumcircle of BED
intersects AC at point P and BP meets the
circumcircle of ABC at point Q. Show
that AQ + CQ = BP. (Source: 1998-99
Iranian Math Olympiad)

Solution. LEUNG Wai Ying (Queen
Elizabeth School, Form 5), NG Ka Wing
Gary (STFA Leung Kau Kui College, Form
7) and WONG Chun Wai (Choi Hung
Estate Catholic Secondary School, Form 7).
Since [OCAQ=0CBQ=0DEP and

OAQC =180° -UABD=0EPD , so
AAQC ~AEPD. By Ptolemy’s theorem,
BPxED =BD x EP + BEx DP. So

EP DP _

BP=BDx—— +BE x——=
ED ED

AC xA—Q+ACx§= AQ +CQ.
AC AC

Other recommended solvers: AU Cheuk
Yin Eddy (Ming Kei College, Form 7),
CHENG Kei Tsi Daniel (La Salle
College, Form 5), FAN Wai Tong Louis
(St. Mark’s School, Form 7), LAM Shek
Ming Sherman (La Salle College), LEE
Kevin (La Salle College, Form 4), SIU
Tsz Hang (STFA Leung Kau Kui College,
Form 4? and YEUNG Kai Sing Kelvin
(La Salle College, Form 3).

Problem 99. At Port Aventura there are
16 secret agents. Each agent is watching
one or more other agents, but no two
agents are both watching each other.
Moreover, any 10 agents can be ordered
so that the first is watching the second, the
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second is watching the third, etc., and the
last is watching the first. Show thatany 11
agents can also be so ordered. (Source:
1996 Spanish Math Olympiad)
Solution. CHENG Kei Tsi Daniel (La
Salle College, Form 5), LEUNG Wai
Ying (Queen Elizabeth School, Form 5),
NG Ka Chun Bartholomew (Queen
Elizabeth School, Form 5) and WONG
Chun Wai (Choi Hung Estate Catholic
Secondary School, Form 7).
If some agent watches less than 7 other
agents, then he will miss at least 9 agents.
The agent himself and these 9 agents will
form a group violating the cycle
condition. So every agent watches at
least 7 other agents. Similarly, every
agent is watched by at least 7 agents.
(Then each agent can watch at most 15 -7
= 8 agents and is watched by at most 8
agents)
Define two agents to be “connected” if
one watches the other. From above, we
know that each agent is connected with at
least 14 other agents. So each is
“disconnected” to at most 1 agent. Since
disconnectedness comes in pairs, among
11 agents, at least one, say X, will not
disconnected to any other agents.
Removing X among the 11 agents, the
other 10 will form a cycle, say

Xl’ Xz, . XlO’ Xll = Xl'
Going around the cycle, there must be 2
agents Xj, Xj4+1 in the cycle such that

X also watches X and X4, is watched

by X. Then X can be inserted to the cycle
between these 2 agents.

Other commended solvers: CHAN Hiu
Fai Philip, NG Chok Ming Lewis (STFA
Leung Kau Kui College, Form 6) and NG
Ka Wing Gary (STFA Leung Kau Kui
College, Form 7).

Problem 100. The arithmetic mean of a
number of pairwise distinct prime
numbers equals 27. Determine the

biggest prime that can occur among them.

(Source: 1999 Czech and Slovak Math
Olympiad)

Solution. FAN Wai Tong (St. Mark’s
School, Form 7) and WONG Chun Wai
(Choi Hung Estate Catholic Secondary
School, Form 7)

Let p; < p, <---< p, be distinct primes
suchthat p; + p, +---+ p, =27n. Now
Py Z 2 (for otherwise py+ p, +---+ pp

- 27n will be odd no matter n is even or
odd). Since the primes less than 27 are 2,
3,5,7,11, 13,17, 19, 23,50 p,=27n -

(Py+--+Pp1) =27+ (27- p) +---

(27 - ppq) S 27+(27-2)+(27-3) +---+
(27 —23) = 145. Since p, is prime, py
< 139. Since the arithmetic mean of 2, 3,
5,7,11, 13,17, 19, 23, 29, 31, 139 is 27.
The answer to the problem is 139.

Other recommended solvers: CHENG
Kei Tsi Daniel (La Salle College, Form 5),
CHEUNG Ka Chung, LAM Shek Ming
Sherman, LEE Kar Wai Alvin, TANG
Yat Fai Roger, WONG Wing Hong,
YEUNG Kai Sing Kelvin (La Salle
College), LEUNG Wai Ying (Queen
Elizabeth School, Form 5), and NG Ka
Wing Gary (STFA Leung Kau Kui
College, Form 7).
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Olympiad Corner
(continued from page 1)

Problem 3. (cont’d)

for any integer r not divisible by p. Prove
that at least two of the numbers a+b, a+c,
a+d, b+c, b+d, c+d are divisible by p.
(Note: {x} = x - [x] denotes the fractional
part of x.)

Problem 4. Let a,a,,...,a,(n>3) be
real numbers such that
a tap t---+a,2n
and

a? +aZ +..-+a2=n?.

Prove that max (a, a,,...,a,) = 2.

Problem 5. The Y2K Game is played on
a 1x2000 grid as follows. Two players
in turn write either an S or an O in an
empty square. The first player who
produces three consecutive boxes that
spell SOS wins. If all boxes are filled
without producing SOS then the game is
a draw. Prove that the second player has
a winning strategy.

Problem 6. Let ABCD be an isosceles
trapezoid with AB| CD . The inscribed
circle w of triangle BCD meets CD at E.
Let F be a point on the (internal) angle
bisector of ODAC such that EFOCD .
Let the circumscribed circle of triangle
ACF meet line CD at C and G. Prove that
the triangle AFG is isosceles.

m
Interesting Theorems About Primes

Below we will list some interesting
theorem concerning prime numbers.

Theorem (due to Fermat in about 1640)
A prime number is the sum of two perfect
squares if and only if it is 2 or of the form
4n + 1. A positive integer is the sum of

two perfect squares if and only if in the
prime factorization of the integer, primes
of the form 4n + 3 have even exponents.
Dirichlet’s Theorem on Primes in
Progressions (1837) For every pair of
relatively prime integers a and d, there
are infinitely many prime numbers in the
arithmetic progressiona, a+d, a+2d,
a+3d, .., (In particular, there are
infinitely many prime numbers of the form
4n + 1, of the form 6n + 5, etc.)
Theorem There is a constant C such that

if pp, P2, ... py are all the prime
numbers less than x, then
1 1 1
Inlnx) -1<—+—+-.-+—
Pr P2 Pn

<In(In x) + C In(In(In x)).
In particular, if py, p,, p3, ... are all the

prime numbers, then

1 1 1
4+ +...=00,

Pr P2 B3

(The second statement was obtained by
Euler in about 1735. The first statement
was proved by Chebysev in 1851.)
Chebysev’s Theorem (1852) If x>1,
then there exists at least one prime
number between x and 2x. (This was
known as Bertrand’s postulate because J.
Bertrand verified this for x less than six
million in 1845.)

Prime Number Theorem (due to J.
Hadamard and Ch. de la Vallée Poussin
independently in 1896) Let 1(x) be the

number of prime numbers not exceeding x,
then

lim ﬂ =1

x-o X/InX
If p, isthe n-th prime number, then

lim 20 =1,

x-onlnn
(This was conjectured by Gauss in 1793
when he was about 15 years old.)
Brun’s Theorem on Twin Primes (1919)
The series of reciprocals of the twin
primes either is a finite sum or forms a
convergent infinite series, i.e.

e N A D)

B 500 70 1 130

As a general reference to these results, we
recommend the book Fundamentals of
Number Theory by William J. Le Veque,
published by Dover.



