Notes on Graph Theory

Travelling Problems

Review of definitions and basic theorems:

1.
A walk in a graph G is a finite sequence of edges 
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 in which any two consecutive edges are adjacent of identical.

2.
A walk in which all edges are distinct is called a trail.

3.
If the vertices of a trail are distinct (except the initial vertex and final vertex possibly coincide), then the trail is called a path.

4.
We say a walk/trail/path is closed if the initial vertex is also the finial vertex.

5.
A closed path with at least one edge is called a cycle.

6.
A graph is connected if and only if there is a path between each pair of vertices.

7.
If G is a simple graph with n vertices, m edges, and k components, then
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As a corollary, any simple graph with n vertices and more than 
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must be connected.

Eulerian graphs

A connected graph G is said to be Eulerian if there exists a closed trail containing every edge of G. A non-Eulerian graph 
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 is said to be semi-Eulerian if there exists a trail containing every edge of 
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· The name “Eulerian” arises from the fact that Euler was the first person to solve the famous Königsberg bridges problem. The problem asks whether you can cross each of the following seven bridges exactly once and return to your starting point.
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Lemma.
If each vertex of a graph G is at least 2, then G contains a cycle.

Proof.
Trivial!

Theorem 1. (Euler, 1736)

A connected graph G is Eulerian if and only if the degree of each vertex of G is even.

Proof.

If G is Eulerian and P is an Eulerian trail, then there is a contribution of 2 towards the degree whenever P passes through a vertex. It follows that each vertex has even degree.

On the other hand, suppose that each vertex of G has even degree and we need to construct an Eulerian trail.

We apply induction on the number of edges of G. Clearly when G contains only 1 edge the statement is true.

Assume that the statement is true for all graphs having fewer edges than G. Since G is connected, each vertex has degree at least 2. By the lemma, there is a cycle C in G. Removing this cycle will produce a new graph H, which is possibly disconnected or even a null graph. By the induction hypothesis, each component of H has an Eulerian trail. Note that each component of H has at least one vertex in common with C (otherwise, G should be disconnected).
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Now, we obtain the required Eulerian trail (of G) by following the edges of C, if a non-isolated vertex of H is reached, tracing the Eulerian trail (of that Eulerian component of H), and then continuing along the edges of C, and so on. This process stops when we return to the starting vertex.

Corollaries.

(1)
A connected graph is Eulerian if and only if its set of edges is union of disjoint cycles.

(2)
A connected graph is semi-Eulerian if and only if it has exactly two vertices of odd degree. (The “only if” part is obvious. For the “if” part, simply join that two “odd vertices” by an edge, resulting in a Eulerian graph by Theorem 1.)

Theorem 2. (Fleury’s algorithm)

Let G be an Eulerian graph. Then the following construction is always possible, and produces an Eulerian trail of G.

Start at any vertex u and traverse the edges arbitrarily, except subject to 2 rules:

(a)
erase the edges as they are traversed, and the isolated vertices resulted (if any);

(b)
use a bridge only if there is no alternative.

Before proving this algorithm works, we need a lemma.

Lemma.

Eulerian graph contains no bridge. Each odd vertex of a semi-Eulerian graph is incident with at most 1 bridge. (Reasons: the first statement is an application of hand-shaking lemma, while the second one is a corollary of the first.)

Proof of Theorem 2.

Suppose at some stage we have just reached a vertex 
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 and the resulting graph is still connected. We will show that the next step can be carried out and produce also a connected graph.

Case 1:
If v incident with an edge which is not bridge, then there is no trouble.

Case 2:

All edges incident with v are bridge. In case there is only 1 bridge incident with v (by the lemma), traverse through this bridge, erase this bridge and the vertex v (because v is now isolated). The resulting graph is still connected.

Since the graph is finite, we must finally return to u (and the remaining graph, if exists, is still a connected graph). If there is nothing remains, that means an Eulerian trail is found. Otherwise, the remaining graph is still Eulerian and the algorithm can go on until we have traversed all the edges.

Hamiltonian graphs

A connected graph G is said to be Hamiltonian if there exists a cycle passing through each vertex of G. This cycle is called Hamiltonian cycle of G. A non-Hamiltonian graph 
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 is said to be semi-Hamiltonian if there exists a path passing through each vertex of 
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. This path is called Hamiltonian path of 
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Examples of Hamiltonian graphs:

Theorem 3. (Ore, 1960)

If G is a simple graph with 
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 vertices such that
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for each pair of non-adjacent vertices u, v, then G is Hamiltonian.

Proof.

Suppose G is not Hamiltonian. We may assume G is a “maximal non-Hamiltonian graph” (in the sense that adding extra edge will give a Hamiltonian graph). 

Consider the longest path 
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 in the graph (note that this path must pass through every vertex). Clearly, 
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 is not adjacent.

Case 1:

When 
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, so 
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 is adjacent. This is a contradiction.

Case 2:

When 
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, there are n  3 ordered pairs 
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. Let A be the set of the pairs such that 
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 are adjacent and B be the set of those such that 
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 are adjacent. Since 
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. But there is only n 3 pairs, one of the pair, says 
[image: image24.wmf]1

(,)

jj

vv

+

 with 
[image: image25.wmf]22

jn

££-

, must belong to both A and B. Therefore, 
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 is adjacent to 
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 is adjacent to 
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, as shown in the following figure.
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Now, 
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 is a Hamiltonian cycle.

In both cases, we lead to a contradiction by constructing a Hamiltonian cycle. We conclude that G is Hamiltonian.

Corollary. (Dirac, 1952)

If G is a simple graph with 
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 vertices such that 
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 for each vertex v, then G is Hamiltonian.

The shortest path problem

A connected graph in which a non-negative real numberis assigned to each edge is called weighted graph, the number assigned to the edge e is the weight of e, denoted by 
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Problem.

Find a path between two vertices in a weighted (simple) graph with minimum total weight.

There is an efficient algorithm to solve this kind of problems. We will go through this by an example:
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To find the shortest path from A to B, we use the following method:

(1)
Assign to each vertex adjacent to A, it’s distance from A.
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(2)
Among this numbers, mark the smallest number (if it is not unique, just choose one of them) by any symbol (here we will use a “*”). In this algorithm, a marked number means it is the shortest distance from A to that vertex.
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Then, repeat the following 2 steps:

(a)
Let 
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 be the vertex and number marked in the previous step. For each unmarked vertex 
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 adjacent to u, calculate the sum 
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. If this sum is less than the value at v, or we have not assigned any value to v, then the value at v is updated by this sum.

· Any unmarked number in this stage means the shortest distance from A to that vertex passing through only marked vertex.

(b)
Among all unmarked numbers, mark the smallest one (again, if it is not unique then choose any one of them).

In our example, repeat (a) and (b) we will get:
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The shortest distance from A to B is 7 and the shortest path can be found by tracing back the steps.

The Chinese postman problem

This problem is discussed by Chinese mathematican Mei-Ku Kwan, asking the most efficient walk (with least repeat) for a postman to traverse each road in his route.

Problem.

In a weighted (simple) graph, find a closed walk to traverse each edge at least once with minimum total weight.

Note that if the graph is Eulerian, then the required walk is simply the Eulerian trail.

An obvious inequality about the minimum total weight d is
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because double each edge will give an Eulerian graph.

If the graph is semi-Eulerian, we can make it become Eulerian by double each edge in the shortest path joining two odd vertices. The Eulerian trail will be our required (most efficient) walk.

In general, the most efficient walk can be obtained by double some path(s), each path being the shortest path joining two odd vertices (remind that the number of odd vertices in any graph must be even, by hand-shaking lemma). The resulting graph is Eulerian and the required walk is then the Eulerian trail.

If the graph has 2k (where 
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) odd vertices then there are (2k  1)!! possible ways to pair up the odd vertices. We need to try all these possible ways!

The travelling salesman problem

Problem.

In a weighted (simple) graph, find a Hamiltonian cycle of least total weight. By adding extra edges with infinite weight if necessary, we may assume the graph is complete.
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Up to now, no efficient algorithms are known. Some “quick” algorithms can only find an approximated solution.
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