Exact Equations and Integrating Factors

Definition.

A differential equation 
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 is said to be exact if there is a function  such that
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In case, the differential equation can be written as 
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, and then 
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 defines y implicitly as a differential function of x.

Theorem.

Let the functions M, N, 
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 (where subscripts denote partial derivatives) be continuous in the rectangular (or simply connected) region R: 
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. Then the equation 
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 is an exact differential equation in R if and only if 
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 in each point of R.

If 
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, we can solve the differential equation by the following procedure:

Let 
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, where the function 
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 is an arbitrary function of y, playing the role of the arbitrary constant. It is always possible to choose 
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In fact, the function 
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 can be chosen such that 
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. Despite its appearance, the right side is a function of y only so that 
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 can be determined.

Integrating Factor.
Although a differential equation 
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 is not exact, it is sometimes possible to convert it into an exact equation by multiplying the equation by a suitable integrating factor.

Unfortunately, it is difficult to find a suitable integrating factor. In practice they can usually be found only in special cases:

· If 
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 is a function of x only, then 
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 is an integrating factor.

· If 
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 is a function of y only, then 
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 is an integrating factor.

· If 
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 is a function of xy only, then 
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 is an integrating factor.
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