Notes on MAT2050E (Elementary Analysis)
Continuity of Functions

Definition.

We say that a function f:A - R (where ACOR) iscontinuous at point cA if, given
any €>0 thereexists & >0 such thatif x is any point of A satisfying |x - c| <d, then

|f(x)-f(c) <e.

® Following the definition, if c is an isolated point of A then f is automatically continuous
at point c.

An equivalent definition of continuity can be formulated very nicely in terms of
neighborhoods as follows:

Equivalent definition.

We say that a function f:A - R (where AOR)iscontinuous at point cOA if given
any & —neighborhood V,(f(c)) of f(c) thereexistsa O —neighborhood V;(c) ofc
such that f(AnV,(c))OV.(f(c)).

Sequential Criterion for Continuity.

Afunction f:A - R (where AOR)iscontinuous at point cA ifand only if for
every sequence (x,) in A that converges to c, the sequence (f(x,)) convergesto f(c).

® \We say that f is continuous on the set B if f is continuous at every point of B.
Theorem.

Let AOR,fandgbefunctionsonAto R,and bOR. Suppose that cJA and that f and
g are continuous at c.

(@ Then f+g, f-g, fg and bf are continuous at c.
(b) If g(c)#0, then the quotient f /g is continuous at c.

® For (b), we only need to assume g(c) #0 since the continuity of g guarantees
g(x) 0 in some neighborhood of c. (It should be noted that the function f /g may
not be well-defined on A.)

® Iffand g are continuous on A, the above theorem can be applied to every point of A so
that f+g, f—g, fg and bf are continuouson A. Moreover, if g(x)#0 forall

xOA, then f /g iscontinuousonA.
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Theorem.

Let AOR.If f:A- R and g:f(A) - R suchthatfiscontinuousat cJA andgis
continuous at f(c) O f (A), then the composition go f: A - R is continuous at c.

Definition.

A function f:A - R issaid to be bounded on A if there exists a constant M >0 such
that [f(x)|<M forall xOA.

Boundedness Theorem.

Let | =[a,b] be aclosed bounded interval and let f:1 — R be continuous on I. Then fis
bounded on I.

Maximum-Minimum Theorem.

Let | =[a,b] andlet f:I — R Dbe continuous on I. Then f has an absolute maximum and
an absolute minimum on 1.

Location of Roots Theorem.

Let |1 =[a,b] andlet f:I - R be continuouson I.
If f(a)f(b) <0, then there exists a number c(a,b) suchthat f(c)=0.

Bolzanos' Intermediate Value Theorem.

Let I =[a,b] andlet f:I — R becontinuousonl. If kOR satisfies f(a)<k < f(b)
or f(a)>k > f(b), then there exists a number c[(a,b) suchthat f(c)=k.

® The theorem follows that if inf f (1) <k <sup f(I), then there exists c[J1 such that
f(c) =k. This is true also for open intervals.

® |If lisaclosed bounded intervaland f:1 — R iscontinuouson I, thenthe set f(l) is
also a closed bounded interval.

® If | is an interval (which may be open or unbounded) and f:I — R iscontinuous on I,
then the set f(l) isalso an interval. This is called the “Preservation of Intervals
Theorem”.

® A continuous real-valued function defined on an interval is injective (one to one) if and
only if it is strictly monotone.

Continuous Inverse Theorem.

Let IR beanintervalandlet f:1 — R be strictly monotone and continuous on I. Then
the function g inverse to f is strictly monotone and continuous on f(l).
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