
1.
Introduction 

Inequality is a statement involving  (smaller than),  (greater than), ( (smaller than or equal to), ( (greater than or equal to), or ( (not equal to).
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2.
Some Basic Properties of Inequalities

Theorem 2.1.

Let a, b and c be real numbers. Then if 
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These properties can help us solve some inequalities.

Example 2.1.
Solve 
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· We can solve this inequality as we do in solving an equation. However, we have to be careful when we multiply or divide a number to both sides of the inequality.

Solution.
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· In the last step, since we are dividing both sides by –4, the inequality sign has to be inverted (from ( to ().

We can represent the solution of an inequality on a number line. We use an arrow to represent the range of solution. A black dot means that the point itself is a solution whereas a hollow dot means that the point itself is not included in the solution. Figure 1 shows the graphical representation of 
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Figure 1: Graphical representation of 
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Figure 2: Graphical representation of 
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Sometimes we may deal with more than one inequality. The system of inequalities is called compound inequalities. If two inequalities are linked by the word ‘and’, then the solution to these inequalities is the range of values of the unknown(s) that satisfies both inequalities. If two inequalities are linked by the word ‘or’, then the solution to these inequalities is the range of values of the unknown(s) that satisfies either inequality.

Illustration.
(a)
The solution of (
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(b)
The solution of (
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Example 2.2.
Solve (
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Solution.
We first solve each of the two inequalities.

We have 
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Since there is no such x that can satisfy both inequalities, there is no solution.


We can also use graphical representation to find the solution of compound inequalities. To do so, we have to draw the solution of individual inequality on the number line. For inequalities with ‘and’, the solution is the region covered by both/all inequalities. For inequalities with ‘or’, the solution is the region covered by at least one inequality.


Figure 3 shows the graphical representation of 
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[image: image29.wmf]23

x

-<£

).

[image: image157.wmf]2

()

fxaxbxc

=++


Figure 3: Graphical representation of 
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· For the compound inequality (
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), the region covered by either inequality is the solution and we can see that all real numbers are included. Thus the solution is all real numbers.

Exercises

1.
Solve (
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2.
Solve (
[image: image36.wmf]21

xx

->-

 or 
[image: image37.wmf]496

xx

+³+

).

3.
Solve (
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3.
Quadratic Inequalities

In solving quadratic equations, if we have 
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, then we easily get the roots 
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. In quadratic inequalities, the method of factorization can help us solve them.

Theorem 3.1.

Give P and Q are two functions of x,

(a)
if 
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(b)
if 
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With theorem 3.1, if we can factorize the quadratic expression in an inequality, then the inequality can be solved.

Example 3.1.

Solve 
[image: image49.wmf]2

60

xx

+->

.

Solution.
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For the first one, 
[image: image53.wmf]303

2

202

xx

x

xx

+>>-

ìì

ÞÞ>

íí

->>

îî

.

For the second one, 
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Thus the solution of 
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In general, however, not all quadratic polynomials can be factorized. To solve this kind of inequality, we have to first find the root(s) of the quadratic part first. Let 
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 may have real roots ( and (, double root ( or no real root. For simplicity, we assume a  0. We will then find the solution of the quadratic inequality using the graph of the quadratic function 
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Case 1:
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Then the parabola cuts the x-axis at two points ((, 0) and ((, 0), as shown in Figure 4.
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Figure 4: The graph of 
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As we can see, when x is smaller than ( or greater than (, the function gives a positive value as the graph is above the x-axis. On the contrary, when x is between ( and (, the value of f(x) is negative. Thus the solution of 
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Case 2:
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Figure 5: The graph of 
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Then, from Figure 5, the parabola touches the x-axis at ((, 0) only and the rest of the graph lies above the x-axis. As a result, the solution of 
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Case 3:
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Figure 6: The graph of 
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In this case, as shown in Figure 6, the whole parabola is above the x-axis and hence there is no solution to 
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To conclude, the solution to a quadratic inequality can be easily found by considering its graph and the number of roots.

· In using this method, we should be careful with the sign of a so that we know whether the parabola opens upward or downward.

Exercises

1.
Solve 
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2.
Solve 
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3.
Solve 
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4.
Inequalities Involving Fractions

When we deal with inequalities like 
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, we cannot multiply both sides with x + 7 because we do not know whether the inequality sign has to be inverted for the sign of x + 7 is unknown. Then, how to solve this kind of inequality?


There is an obvious but useful inequality as shown in theorem 4.1.

Theorem 4.1.

For any real number x, we have
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As a result, if we multiply the square of the denominator (or power of the denominator so that the expression that we multiply to both sides is always greater than or equal to zero), then we can change the original inequality to one without fraction and solve it. A point to note is that the denominator is not equal to zero. As a result, when we obtain the solution, we should check if any value of the unknown in the solution gives rise to zero in the denominator.

Example 4.1.
Solve 
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Solution.
We first multiply 
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Then we get 
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Example 4.2.
Solve the inequality 
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Solution.
Multiplying both sides by 
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, we have
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However, if x = –3, the denominator of the left hand side of the original inequality becomes zero, making the fraction undefined. Thus x = –3 is not a solution.

So the answer is x > 3.

Exercises

1.
Solve 
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2.
Solve 
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5.
Inequalities involving Absolute Signs
Definition 5.1. (
[image: image91.wmf]||

x

)

For any real number x, the absolute value of x is defined as


[image: image92.wmf], if 0

||

, if 0

xx

x

xx

³

ì

=

í

-<

î



From definition 5.1, it is obvious that 
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 for any real number x.

Illustration. 
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For inequalities involving absolute values and there is unknown in the absolute sign, the cases for the value(s) in the absolute sign to be positive and negative have to be considered.

Example 5.1.
Solve 
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Solution.
We can consider the two cases of the value of x + 2, namely 
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For 
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Combining with the initial condition 
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i.e. 
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For 
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The initial condition is


[image: image109.wmf]20

2.

x

x

+<

<-


As a result, we have 
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The two cases give 
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· We can also solve this inequality by considering the graph of 
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Figure 7: The graphs of 
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 and y = 1

Example 5.2.
Solve 
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· Here we have two absolute signs and we have to consider the cases for x + 2 and x + 3 to be positive. Thus we have to consider the cases 
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Solution.
For 
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Combining with the initial condition 
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Note that for 
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For 
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Combining the three cases, we have the solution 
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Exercises

1.
Solve 
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2.
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6.
Answers

Some Basic Properties of Inequalities
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