A List of Important Inequalities

1. (AM-GM-HM Inequality) For a,,a,,---,a, >0,

n

a, +a,+---+a
AM =12 “>GM =1/aa,---a, 2HM = 1 1n T

n
A

a, a, a

Either equality holds ifand only if a, =a, =---=a,.
Remark : For AM-GM Inequality, the condition for the a,’s may be relaxed to
a,,a,,--,a,20.

2. (Cauchy-Schwarz Inequality) For real numbers a,,a,,---,a,,b;,b,,---,b,,
(@b, +ab, +--+a b))’ <(a +a, +---+a;)(b +b; +---+b).
Equality holds if and only if a,b; =a;b, for 1<i,j<n.

3. (Chebysev’s Inequality) If a, 2a, >---=a, and b, =b, >---=Db,_, then
(a ta, +---+a)(b, +b, +-- +b,)

albl +a2b2 e +anbn 2

n
2 a1bn + aan—l +- +anbl
Either equality holds if and only if &, =a, =---=a, or b, =b, =---=D,.

4. (Triangular Inequality) For real numbers a,,a,,---,a,,b,,b,,---,b,,
Jal +al o +al + b7 +b7 b7 2/(a +b)? Ha, ,)° +.. Ha, b,).

5. (Jensen’s Inequality) If a function f is convex on an interval | and

X, Xy, o+, X, O, then
f(xl X +-~-+Xn)s f(xl)+ f(X2)+"'+ f(Xn) .
n
For strictly convex functions, equality holds if and only if x, =x, =---=x
More generally, if 0<t,,t,,---,t, <1 and t, +t, +---+t =1, then
FUX +EX, +o+t X ) St (X)) +E, F(x,)+---+t F(X,),
with the same equality condition. (similar inequality holds for concave functions)

n-
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6. (Majorization Inequality) If a function f is convex on an interval I, x;,y, 01,
(X, Xp0 X, ) > (Y1, Yooy Y, ), then
f(X1)+ f(X2)+-~-+ f(Xn) 2 f(Y1)+ f(y2)+"‘+ f(Yn)-
For strictly convex functions, equality holds if and only if x, =y, for

i =1 2,---,n. (similar inequality holds for concave functions with the same
equality condition)

Remarks :
(i.) IfFf"(x)=00n(a,b), then fis convex on(a,b).
(i.) Iff"(x)>0o0on(a,b), thenfis strictly convex on(a,b).
(ii.) The following functions are strictly convex on the given intervals:
x? on [0,0) for p>1,
x” on (0,0) for p<o0,
a* on (—o,0) for a>1.
(iii.) The following functions are strictly concave on the given intervals:
x? on [0,0) for 0<p<1,
log, x on (0,) for a>1.

(iv) If x,2x,2---2x, and y, 2y, >---2y, satisfy the conditions
k k

in ZZyi for 1<sk<n-1 and  x :Zyi, then we say (X, X,,"**,X,)

majorizes (Y, Y,,-+Y,) andwrite (X, X, X,) = (Y1, Y207+ ¥a) -

7. (Muirhead’s Theorem) If s=(s,,s,,---,S,) and t=(t,t,,---,t,) are sequences
of nonnegative real numbers such that s majorizes t, then
folsz X > Zx{lxg2 Cee X

sym sym

for all nonnegative x;,Xx,,---,X,. Conversely, if this inequality holds for all

nonnegative X;,X,,---, X, , then s majorizes t.

n?'

8. (Schur) Let x, y, z be nonnegative real numbers. Then forany r >0,
X'(X=y)x=2)+y"(y-z)(y-x) +z" (z=x)(z-y) 2 0.
Equality holds if and only if x =y =z, or if two of X, y, z are equal and the third is
zero.
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9. (Permutation Inequality) If a, 2a, =---=2a, and b, 2b, >---2Db_, then
a,b, +a,b, +---+ab, (ordered sum)
>ab,, +a,b,, +---+ab,, (mixed sum) ,
>ab, +a,b , +---+ab  (reverse sum)
where (r,,r,,---,r,) is a permutation of (1,2,---,n). Either equality holds if and
onlyif a, =a, =---=a, or b,=b, =---=b,.

10. (Maclaurin’s Symmetric Mean Inequality) For a;,a,,---,a, >0,
AM =P, 2P/?>...2P""=GM,
where P, :(zailaiz---aij)+cj.” is the average of all possible products of
a,,a,,---,a, taken j at a time. Moreover, any equality holds if and only if

n

a =a,=--=a,.

11. (Power Mean Inequality) For a;,a,,---,a, >0 and s<t,

t t t
M =(af+a§+...+a§)1/S<M =(al+az+...+an)1/t
: n t n
Equality holds ifand only if a, =a, =---=a,.

12. (Bernoulli’s Inequality) For real number x > -1,

J21+ax if a<0ora >1
@+x)" 0 : .
= 1l+ax if 0<a <1

Equality holds if and only if x =0.

I

13. (f‘—,?’r'—fﬁﬁjﬁT:%“?“) If 0<a,<a,<--<a,(i=12---,m) and a,,a,, - a,
is a permutation of a,;,a,,,---,a,,, then
(a11a21"'am1)+(a12a22"'am2)+"'+(a1na2n"'amn)
Z(aila’zf"a;nl)-l'(aiza'zz"'a:nz)'l""'l'(aina'zn"'a:nn)

and
(3-11 +ay +"'+am1)(a12 ta,, +"'+am2)"'(aln ta,, +"'+amn)

S(ail +a’21 +"'+a;n1)(aiz +a'22 +"'+a:n2)"'(ain +a;n +"’+a;nn).
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