¢ ATHEMATICAL
SATABASE
NUMBER THEORY }

UNITS CONTINUED FRACTIONS

1. Introduction

What is a continued fraction? Two examples are
1

and 4+
1+—1 3+——+
1+— 2+~

2

In this unit, we shall see how a number could be changed to a continued fraction and how this
method is related to the Euclidean algorithm we learnt in Unit 1. Furthermore, we will look into
some properties of continued fractions.

2. Definitions

Definition 2.1.

A continued fraction x is a number expressed in the form

1
X=a,+ - T
% 1

a, + 1

R S

an

where @, >0 forall i>0 and a,>0.

If the series a,, ..., a, is finite, the above representation of x is called a finite continued fraction.

If the series is not finite, it is called an infinite continued fraction.

We denote the continued fraction by [a,,a,...,a,] for a finite continued fraction and
[a,,a,...,a,,...] foran infinite continued fraction.

1

1+11
2+~
3

=[0,1, 2, 3] is a finite continued fraction.

Illustration:
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l+;l =[1, 2, 2, 2,...] is an infinite continued fraction.
24— F—
1
2+ 1
2+ —

3. Continued Fractions and Euclidean Algorithm

Before we proceed to the relationship between Euclidean algorithm and continued fractions, let

us look at the following example.

Example 3.1.
Convert & and & into continued fractions.

Solution.

1=0+1—11=O+i4:0+ 11=0+ 11 :O+—1:0+—1

1 — 1+ 1+7 l+—3 1+——
! — 1+— 1+
4 4

Thus we can write ﬁ: [0,1,1,1 3].
L L ! =[1,2172].

Also, we have 1— :1+§ =1+
8 8

w| oo
N
+
\
N
+

As you may notice, the process of finding the continued fraction involves dividing the
denominator by the numerator and after taking the quotient, the numerator becomes the

denominator in the next step.

This is the idea of Euclidean algorithm, which has been discussed as Theorem 2.3 of Unit 1. It

is stated below for reference.
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Theorem 3.1. (Euclidean algorithm)

a=bqg,+r,
b:rlq1+r2
h=rLg,+0n

rn—2 = rn—lqn—l + rn
hha =N, t

The process of division comes to an end when r.,, =0. The intege

O<r<b
O<r,<rn
Oo<r<r,

O<r, <r,

Let a and b be positive integers, a > b. Then we apply a series of divisions as follows.

r r, isthe G.C.D. of aand b.

The equations in the Euclidean algorithm can be rewritten as

a=bo,+1,
b=rg,+r,

n=ng,+n

I’n—2 = I’n—lqn—l + I’n
rn—1: rnqn + rn+1

With the Euclidean algorithm, we have

a—q+r1—q+l—q+ !
M "M TR Mo
b mb b gk
n n
1 1
_q0+q+1 _q0+q+ 1 =
T 1
h 6, + >
I r

a h
= + =
Jo b

b
b r,
_:q1+_
h h
I
r2

1
qn—l +q7n

. a . . i .
Thus any rational number X:E (a and b are relatively prime) can be written as the continued

fraction [q,, Q;,...,q,]
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4. Convergents of Continued Fractions

Definition 4.1.
Let x=[q,,,,...,q,] be the continued fraction representation of a rational number x.

The integers q,, g, ..., g, are called the partial quotients of x. The fractions

1
50 :[qo]:qo: 51 :[qo: ql]:qo+_: 52 :[qo! Q. qz]:qo+
ql q1+7
q,

1---15n:[qo1q1'~--'qn]:qo+ 1
q1+ 1
LA

1
qn—l + qin

are called convergents of x, where ¢, is the i-th convergent of x.

llustration: Referring to Example 3.1, we have

%:OJF 11
1+ 1
1+——
1+-
and from the above definitions,
0, =0, 51=0+%=1, 52:0+i1:%, 0, =0+ 11 :%
l+i l+—1
1+~
1
and 6, =0+ 1 =1.
1+ ! 11
1+i
1+

Theorem 4.1,
Let x=[q,, q,,...,d,] be arational number with the i-th convergent &, =[q,, q,,...,q,]. Let P, =1,
P,=0,, Q,=0, Q =1 and define B, =qPR _,+P,_, and Q, =0,Q,_,+Q, , for k>0. Then for

: R_
OS'S”’E_
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Proof. We shall prove this theorem by mathematical induction. Let S(i) be the statement ‘%:éi’
for 0<i<n.
For i=0, we have &, =[q0]:qT0:Qiz,

H _ _ 1 _ o+l _ qR+P; _ R
For i=1, we have & =[0,, 0] =0y + o+ = o5 = ooto- = o -

Thus S(0)and S(1) are both true.

Suppose S(k) is true for some O<k<n, i.e. §, =g =222te Then replacing g, by (qk + qklﬁ)

gives o, ,,. Thus we have
1
5k+l:[qO’ql""’qk’qk+1]:q0+ 1
ql + . 1
L+

1
Qe +—
k+1

1
(Qk + qj Ra+R.

1 k+1
:|:q0'ql1"'1[qk+q H= 1
o {qk + ij—l + Qk—z

k+1

_ (99 +DRL + 9P, _ Oka (4P +R)+ Ry
(%G +DQt + Ui Qs Giaa (A Qs + Qi) + Qi
_ Y P+ R
GeaQ + Qs

Thus S(k +1) is also true.

This completes the induction.

Q.E.D.

With the above convergents, we can compute the continued fraction in the form of a table.

n -1 0 1 n-1 n
Ok Qo 0 " U1 On
P 1 R R Pia n
Q 0 1 Q Qus Q
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Example 4.1.

Find the continued fraction and the convergents for %

Solution.

By Euclidean algorithm, we have

81=35.2+11
35=11-3+2
11=2-5+1
2=1.2
. . 81 . 1
Thus the continued fraction of — is 2+
35 3 1
1
S5+
2
We have the following table.
n -1 0 1 2 3
O« 2 3 5 2
R 1 2 7 37 81
Q 0 1 3 16 35
7 37 81

Thus the convergents are g, —, —and —.
1 3 16 35

Theorem 4.2.

For k >0, the difference between consecutive convergents is 8, — o, ;, = ——

Proof. For k >0, we have &, -6, =g —g= = Pngkl(;kaQk = ngm ,where h =PQ, ,—P_,Q,.

Then
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h, =RQ; —P.Q
= (qk Pk—l + Pk—Z)Qk—l - Pk—l (quk—l + Qk—Z)
=PR.Qui —RuQ
= _hk—l'
Thus h, = (-1)“h, and we have h, =P,Q ,—P,Q,=-1andso h_=(-1)"".

h _ (D7

Finally, 6, —o, , = 00 00
k k-1 k <k-1

Q.E.D.

Corollary 4.3.
Let x=[0q,, q,...,d,]. Thenfor 0<k <n,

o,<Xx ifkiseven
5.>x ifkisodd

Corollary 4.4.

Let x=[0q,, ..., q,]. Then |5k—x|stéki1 for k >0.

Note that since PQ, , —Q.P._, =h =(-1), (P.,Q,) =1 and hence the convergent (;ka is in the

lowest term.

Theorem 4.5.
Let x=[q,, q,...,0,]. Then |, —x|<|5, , —x]| for k>0.

Proof. We have
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X =[G, Gys -+ Ugs G-+ G ]

1
=0, + 1
G+ 1
ot
qk—l 1
O + 1
L+
o
1
=0, + 1
O +- 1
'.+q +£
k-1 y
where
y:qk+ l
L+
0y
Now with the definition of P, and Q,,
1 Ll
X=0,+ =[0y, Uy s Ohyy YI= =
° OI1+_11 o “ ka—1+Qk—2
o+ 1
Qe+

y

Thus

X(ka—l +Qk—2) = yPk—l + Pk—2
y(XQk—l - Pk—l) = Pk—Z - XQk—Z

P, P,
01|, [ ]

Since y>1,Q.,=9,.,Q.,+Q_,>Q._, >0, we have yQ, , >Q, , and hence | x— F’“|<|QH— |

and (x— P“) and (Pk 2 —x) have the same sign.

Q.E.D.
5. Infinite Continued Fraction

It has been shown that a rational number x can be expressed as a finite continued fraction and
it is obvious that a finite continued fraction is a rational number. For irrational numbers, the idea of
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taking quotients can be applied and we would get an infinite continued fraction. In this section, we
will see some properties of such continued fractions.

Let x=[q,, q,, ...] be an infinite continued fraction. Then Theorem 4.5 also holds. As k — «,

Q, — o as well and hence we have
lim {i—_Pk—l j =0.
kK—o0 Qk Qkfl

Also, from Corollary 4.3 and 4.4, it can be shown that &< <g-<---and ¢ > > >

Q, Q Q Q
are two sequences converging to x and hence we have x = lim z.
—>0

Furthermore, Corollary 4.4 holds for infinite continued fraction and we can use this for writing
the first few convergents of an irrational number, as well as convergents to a certain degree of
accuracy. Below is an example.

Example 5.1.

Find a convergent of V2 with maximum error 0.001.

Solution.

We first find the convergents of the approximate value of V2 and we shall then stop when we get
the required accuracy.

We shall take 9 decimal places approximation, i.e. 1.414213562.

Then we have

1
2.41413563
1 1
+ =1+
2+0.41413563 2. 1
2.41421356
1 1
=1+ 1 =1+ 1

2+ 2+
2+0.41421356 2+;
2.414213576

1.41423562 =1+ 0.41423562 =1+

1
1
1

2+
2+0.414213576

=1+

2+
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n -1 0 1 2 3 4 5
O 1 2 2 2 2 2
P 1 1 3 7 17 41 99
Q 0 1 2 5 12 29 70

Thus the first six convergents are 6, =1, 6, =3, 5,=%, 6,=3%, 9, =4 and 5, =2.

Now we are going to show that indeed of the required accuracy.

Corollary 4.4 also applies to infinite continued fractions (try to prove this yourself!) and thus for

1
k>0, |8, —X|<gi—

Putting k =5, we get | &, —/2 | < & < 0.001.

— 2970

6. Exercises

1. Convert % and ? into continued fractions.

2. Suppose a and b are two relatively prime positive integers. Convert

2a’b+a’+ab+2a+1
2ab+a+2

into its continued fraction.

3. Prove that there exists a unique representation for any positive rational number in the form of a
continued fraction.

4.  Find the convergents of g

5. Show that Corollary 4.4 applies to infinite continued fractions.

6. (a) Determine an integer n for which the n th convergent of x=05+7 approximates x
with a maximum error of 0.005.

(b) For the number n found in part (a), compute the n th convergent of x.
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In this exercise we will consider the continued fraction

x=2+— 2 —[2,2,2.].
1
2+
2+---

(@) Using mathematical induction or otherwise, prove that

P, :(1+¥](1+J§) (1—£J( —ﬁ)k and

Q, (1+iJ(1+\/_) N (1—i]( —J_)

. . B :
(b) Using x = leQ—k,or otherwise, show that x =1++/2.
—o© k
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