INTRODUCTORY THEORY OF DIFFERENTIATION

This articleis written for beginners. No previous knowledge of differentiation is assumed, and
we shall treat the theory of limits and differentiation in arigorous yet el ementary way. If you have
heard of the term “differentiation” and are mathematically curious enough to find out what it is, you
should find it exciting to work through this article! (It may require some thought and hard work to
understand everything, but yet if you're interested and patient enough you should be able to work
through most of it.)

To begin with, in section 1 we introduce what differentiation is graphically by interpreting it as
aprocess of finding slopes of graphs. Then in section 2, we give some examples to illustrate why
we need differentiation. In section 3 we give arigorous treatment of the theory of limits, whichis
essential for the theory of differentiation. Finally in section 4 we establish some rules of
differentiation which you may find useful.

So our first question is: what is differentiation?
1. Graphical interpretation of Differentiation

Basically differentiation is a process of finding slopes of tangents to the graph of agiven
function. Given the graph of afunction f (seefigure 1), for afixed x, if A, B represent the points
(x, (X)) and (x+Ax, f(x+Ax)) (here Ax must beread asone symbol initsown right just like
any other symbols; A usually means change, so the symbol Ax suggests it represents a changein x),
then the slope of AB is given by

f (X+AX)— f(X)
AX '

(1.1)

When Ax gets smaller, B gets closer to A, and when Ax is very small, we see that B nearly coincides
with A. Then AB becomes nearly atangent to the graph of f at A, and the quantity in (1.1) becomes a
very good approximation to the slope of the tangent to the graph of f at A. “Taking limit” such that
“AXx tendsto zero”, we get the slope of the tangent to the graph of f at A, given by

lim f (X+AX)— f(X) -
AX—0 AX

(1.2)
(The exact meaning of the quoted phrases and the sign llrr!) in (1.2) will be explained in section 3.

For the present purpose, you may think of thesign lim to mean simply that “Axisvery closeto

AX—0
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zero”.) Denote the quantity in (1.2) by f’(x) (because it depends on our initial choice of x), we get a
new function f* which we call the derivative of the function f, and we see that for any x, f’(x) gives
the slope of the tangent to the graph of f at x. Differentiation is then the process of finding the
derivative of agiven function.
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Figure 1

But then one may ask: why is differentiation important? Why do we need to find the derivative

of a given function? Work through our next section, and you shall see a better reason why we need
f (X+AX)
AX

to study quantities like ilrn0 — () for agiven f and x by giving examples of how such

guantities naturally arise in nature.

2. Physical interpretation of Differentiation

Suppose a particle P moves aong a straight line. Then given its displacement s (from afixed
reference point) as afunction of timet(t > 0), we know that the average velocity of P between time
t, and t,+ At isgiven by “the change of displacement divided by the time taken”, i.e.

S(t, + At) —s(t,)
At

provided that both t, and t,+ At are non-negative (sothat s(t,)and s(t, + At) make sense).
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When At is very small, or more precisely when “At tends to zero”, we get the instantaneous
velocity v(t,) of Pattime t,. Weusually write

vit) = jim SR =S)

(Recall that the * l{”& " sign denotes the process of “taking limit” as“At tendsto zero”.) You might

have noticed how similar thisformulaisto (1.2). Do thisfor each t >0, we get afunction v such
that v(t) represents the instantaneous velocity of the particle P at timet, and

At—0 At (13)

for every t>0. Thisfunction v is exactly the derivative of the function s.

Now suppose we want to quantify how fast air warms up when the sun rises. Let t = 0 denote
the time of sunrise, and denote the air temperature at timet (t > 0) by T(t). Then the average rate of

changein air temperature betweentime t, and t,+ At isgiven by
T(t, +At)-T(t,)
At
provided that both t, and t,+ At arenon-negative (sothat T(t,) and T(t,+ At) make sense).

Again, when “ At tends to zero”, we get the instantaneousrate of change of air temperature
T'(t,) at time t,. We usually write

T(ty) = fim -t AT,

Do thisfor each t >0, weget afunction T such that T’ (t) represents the instantaneous rate of
change of air temperature at time t, and

T = lim T AD =T

At—0 At (1.4)

for every t>0. Again, you may have realized that this function T’ is exactly the derivative of the
function T.

Note how similar formula (1.3) and (1.4) are. They are similar because both formula represents
the rate at which a particular quantity (like displacement or air temperature) changes with time.
Such rate of change problems arise naturally in many other areas of physics as well as sciences like
economics, finance, biology, chemistry and so on. In treating them it is natural to come across
expressions like

lim f(t+At)— f(t)
At—0 At
where f isafunction. Thus we see that differentiation isintimately related to rate of change

problems which arise naturally in many aspects of everyday life. This explains why differentiation
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and the study of quantities like that in (1.2) isimportant.

Our next question is: what exactly do we mean by phrases like “taking limit” and “ At tends to
zero”?

3. Theory of Limits

Consider the function f(x) = 3nx . Thisfunction is undefined at x = 0, because division by
X

zero is undefined. However, if we look at its graph (see figure 2 below), we see that as x gets very
close to (but different from) O, f(X) gets very closeto 1. Hence it seemsthat it makes sense to say
“asxtendsto O, f(x) tendsto 17, or in our previous notation * Iing f(x) = Iirrgﬂ =1".

X—> X—> X

Figure 2: A graphof f(x)= 3nx
X

Consider another example: Look at the function g(x) = , We can never substitute x =

2(x*-4)
-2

2 into the expression (because division by zero is not allowed). However, we see that for x= 2, g(x)

issimply 2x + 4. Hence as x becomes very close to (but different from) 2, g(x) becomes very close

to 2x2+4=8. Soagain it seemsthat it is reasonable to say that “as x tends to 2, g(x) tendsto 8",
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202 -4)
X—2

or in previous notation “ limg(x) =lim 8".
X—2 X—2

But here comes a problem. What is written above is certainly not rigorous enough. A
mathematician is never satisfied with such vague formulations. They will ask: you say “f(x) gets
very closeto 1" and “g(x) becomes very closeto 8", so how close are they?

Let’slook at the situation more closely. We said “g(X) is very close to 87, and we actually see
that g(x) can be as close to 8 as we wish, as long as we take x close enough to (but different from) 2.
For example, if you want g(x) to differ from 8 by avery small number say 0.1, you can ssimply take
any x which is not equal to 2 and differsfrom 2 by lessthan say 0.05 (i.e. x#2 and |x-2|<0.05)
and then for any such x g(x) will differ from the desired limit 8 by at most the prescribed 0.1 (check
it!). If you want g(x) to differ from 8 by an even smaller number say 0.002, you can still do it by
taking x even closer to (but not equal to) 2, say x which satisfies x=2 and |x—-2|<0.001 and
then such x will make g(x) differ from 8 by at most the prescribed 0.002. Actually if you want g(x)
to differ from 8 by avery small positive number &, no matter how small ¢is, aslong asit is positive,
you can always take a small enough number 6 > 0 such that whenever x= 2 differ from 2 by less
than that ¢ (thisisaway of saying when you take x close enough to 2), the corresponding g(x) will
then differ from 8 by at most ¢ (thisisjust saying g(x) is close enough to 8). Similarly, we see (from
the graph of f) that if you want f(x) to differ from 1 by avery small positive number &, no matter
how small is, aslong asit is strictly greater than zero, you can always find a small enough
0> 0 such that whenever x=0 differ from 0O by less than 6, the corresponding f(x) will then differ
from 1 by at most . This motivates our definition of limits.

Definition 3.1.
Let f be afunction. We say “f(X) tendsto L asx tendsto a”, or equivalently “lim f (x)=L ", if and

only if the following holds:

For any ¢> 0, thereisa ¢ > 0 such that whenever x satisfies | x—al<d and x=# a, we have
| f(X)-Lke.

This definition isnot at all trivial; so don’t worry if you feel that you don’t understand the
definition thoroughly. We illustrate the definition with several examples.

Example 3.1.

Let f(x) _3nx for x=0 asabove. Thenby *“ Iing f (x) =1" we mean that “given any positive
X X—>

number & (the word “any” implicitly implies no matter how small ¢is), we can awaysfind a
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positive number & such that whenever x satisfies x=0 and |x—0| x|k d,then | f(X)-1ke”.
This seemsto be true from the graph of f. Notethat |x—0}< 6 simply saysthat the distance
between x and O issmaller than 6, and | f (X)—1|< ¢ just says that the distance between f(x) and 1

issmaller than .

Example 3.2.

2_
2(X—24) for x=2,then Iirr;g(x):8.

Below we provethat if g(x) =

Proof. Note that Iirr21 g(x) =8 meansthat given any positive number &, we can alwaysfind a

positive 6 such that whenever x= 2 satisfies |x—2 6 ,wehave |g(x)-8¢.Solet >0 be

given, to complete the proof we need to find a positive 6 (which may depend on &) such that if x
satisfies x=2 and |x—-2|<J,then |g(X)-8|< ¢.Notethat for x=2 we have

2(x*-4)

|9(x) -8 -8 2(x+2) -8} 2| x-2|

so we see that when &> 0 is given, we can simply take 6:%>0 and then whenever x satisfies

x#2 and |x—2|<5:%,wemusthave |g(x)—8|=2|x—2|<2-%:g.Thiscompletesour

proof.
Q.E.D.

Actually the key ideais here: to prove” lim f (x) =L "7, we need to estimate | f(x)—L| and

say wecanmake | f(x)—L| very small, provided that x is very close to, but not equal to, a.

There is one more point to note: given an arbitrary function f and an arbitrary number a, it is

NOT necessary that thereisanumber L suchthat lim f(x)=L. Inthat casewesay lim f(x) does

X—a X

not exist. For example, if f isthe function such that

1 if 0
f(x) = | X > |
-1 ifx<0

then Iirrg f (X) doesnot exist, because if thereisa number L such that Iirrg f (X) =L, then by the

definition of limit, for the specific ¢ =0.5, we must have a positive dsuchthat | f(X)-L|< &

whenever x=0 and |x—0f ¢ . By taking x:% , which clearly satisfies x=0 and

|x-0|< o, weseethat L must satisfy |L-1|=| f(x)—L|<0.5, and similarly by taking x:—%,we
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seethat L must satisfy |L+1} f(x)—L < 0.5. No number L can satisfy both |L-1|<0.5 and

|L+1|< 0.5. This shows that no number L can satisfy Iirrolf(x):L, or in other words Iirrgf(x)

does not exist. We can illustrate this graphically on the graph of f with the “jump” which occurs at x
= 0 (seefigure 3).

0.& .

0.4 .

0.2 .

0.2 .

-0.4 i

0.6 ]

0.3

1 ifx>0

Figure 3: A graph of f(x):{ 1 ifx<0
-1 ifx<

Below we prove some very useful properties of limits.

Proposition 3.1.
Letf, gbefunctions. If f(x)=g(x) for all x except possibly at a, then either both lim f (x) and

limg(x) do not exist, or both of them exist and lim f (x) =limg(x).

In other words, when we talk about lim f (X), we need not care about what f(a) is. We do not

even care about whether f is defined at a.
Proof. Thisisimmediate from the definition of limit: Suppose lim f (x) exists, let’s call the limit
L. Then let £ > 0 be given, by definition of limit, there must exist a positive number & such that

| f(x)—Lke whenever x satisfies x=a and |x—alko . Now for al such x, we have (since
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x=a)that f(x)=g(x),sowhenever xsatisfies x=a and |x—al<d, wemust have
|g(X)—L[ f(X)-—L|<e.Thisshowsthat limg(x) existsandisequal toL.

QE.D.

Theorem 3.2.
Let f, gbefunctions. If lim f(x) and limg(x) both exists, then

1 Ligg(f +0)(x) existsand IXiLTa](f +g)(x):lxiigf(x)+lxiigg(x);
2. Liig(f -g)(X) existsand Ixiga](f -g)(x):Limf(x)-Limg(x);
lim f (X)

3. If limg(x)=0 then Iimi(x) exists and Iimi(x):xﬁa—.
X—>a x>a g x>a g LILT; g(X)

Proof. Suppose lim f(x) and limg(x) bothexists, let L =limf(x) and L,=Ilimg(x).
1. Thekey ideaisto make use of the triangle inequality:
|a+bKla|+|b]| for all real numbersa, b. (Proveit yourself!)

Let £> 0 begiven. Then g/ 2 > 0 too, so by definition of limit we have

l. thereexistsa o, >0 such that whenever x satisfies x=a and |x—alk ¢,, we have
| f(x)-L kel/2;and

. thereexistsa o, >0 such that whenever x satisfies x=a and |x—al d,, we have
lg(x)-L, kel2.

Now let 6 =min{o,,9,} , thenweseethat & >0 becauseboth 68,,0, arepositive.
Furthermore, whenever x satisfies x=a and |x—al<d, we have

. [f(x)-L ke/2 byl (because 6 <, by definitionof ¢) ; and
IV. |g(X)-L,kel/2 byll (because 6 <o, by definition of o).

Combining I11 and IV we have
|(f +9)(¥) - (L + L) H(f () - L) +(9(x) - L) Kl f () - L [+]9(x) - L, I<§+§=8 (3.1)

where the first inequality follows from triangle inequality and the second inequality follows
from 111 and IV. Since (3.1) istruefor al x which satisfiesx=a and |x—al J, we have

lim(f +g)(x) existsand lim(f+g)(X)=L, +L,=limf(x)+limg(x).
2. Wewant to prove lim(f-g)(x)=LL,,sowetrytoestimate |(f-g)(x)—LL,| forxcloseto,

but not equal to a: note that
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[(f-9)(¥) - LL, |
= f(x)9(x)-LL, |
= (f()9(x) - f (L) +(f (YL, - LL,)| (3.2)
)9 - F (L, [+] F ()L - LL, |
=Yg -L [+ LI F(X)-L]|
for al x, where | f(X)—L,|, |9(X)-L,| arequantitieswhich can be made very small by
choosing only x very close to, but not equal to a. Now |L, | isafixed number, so the second

term in the last line of (3.2) can be made very small, aslong as x is very close to (but not equal
to) a. Soif we can show that | f (x)| isnot too large for x close to (but not equal to) a, then the

first term would also be small for such x and we are almost done. Hence we are motivated to
prove the following first:

There exists a positive number o, and apositive number M suchthat | f(x)|<M for al x
satisfying x=a and |X—a|< dy. -mmmmmmmmmmmm e *)

Proof of (*): Let g,=1, then &,>0, so by definition of limit we see that there exists 6, >0
suchthat | f(x)-L, k&, =1 whenever x satisfies x=a and |x—al<d,. Now for all such x
we have
[ EO) K[ FO)-L[+]L |

(triangle inequality again!). Hence | f (X) |<1+|L,| whenever x satisfies x=a and
|x—alko,. Take M =1+|L, |, weseethat o,, M are both positiveand that | f (x)|<M and
for all x satisfying x=a and |x—al d,, and hence (*) is proved.

We go on to complete our proof:

Wewant to show lim(f -g)(x) existsand lim(f-g)(x)=L,L,,solet &> 0 begiven. Then
&/ 2M isaso positive, where M is as given by (*), so by definition of limit, we have

l. thereisapositive number 6, suchthat |g(x)—L,|<e/2M whenever x satisfies
x=a and |x-al<J,, and choosesmaller o, if necessary we may assume 9J, <, .

Furthermore, __ %  _jsdso positive, so by definition of limit again, we have
20+ L, )

. thereisapositive number ¢, suchthat | f(x)—L k % \whenever x stisfies
20+ L, )

x=a and |x—al<o,, and similar to | we may assume o, < J,.
Now let & =min{J,,5,},thenweseethat 6 >0 because both 6,5, are. Furthermore,
whenever x satisfies x#a and |x—al , we have

. |g(x)-L,ke/2M by | (because & <5, by definitionof &) ;

IV. |f(x)-Lk———— byll (because <5, by definition of 5); and
2(1+|L, )

V. [f(X)kM by (*)(becauseboth &,,5,<3, implies 5<35,).
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Combining I1, IV and V, we have
[(f-9)(¥)-LL,|
EOYNg() - Ly [+ L [ () - L |
3.3
<M= L, | 59
2M 201+, ))
<¢&
where the first inequality follows from (3.2) and the second inequality follows from 111, IV and
V. Since (3.3) istruefor all x satisfying x=a and |x—al<d,wehave lim(f-g)(x) exists
and lim(f-qg)(x)=L.L,. Thiscompletes our proof.

Again we try to make arough estimation first: note L, #0 isgiven, soif g(x)=0 then by
triangle inequality again we have

|_( ) L1| |f(X) L1 |:|f(X)L2_L19(X)|

L, g(x) L, [g(¥) | L, |
_ | fFOIL, -LL, +LL,-Lg(X)|
19091, | 00
L1 OL~LL [+ 1LL - Lo(o)|
l9(x) I L, |
LI -L+L T -L, |
l9(x) L, |

where | f(X)-L,|, |9(x)-L,| arequantities which can be made very small by choosing only
x very closeto, but not equal toa. Now |L |, |L,| arefixed numbers, so the numerator in the

last line of (3.4) can be made very small, aslong as x is very close to (but not equal to) a. So if
we can show that |g(x)| isnottoo small for x closeto (but not equal to) a, then the whole

fraction would aso be small for such x and we are ailmost done. Hence we are motivated to
prove the following first:

There exists a positive number ¢, and apositive number M suchthat |g(x)[>M for al x
satisfying x#a and |X—a|< . =mmmmmmmmmmmmmmm e *)

Proof of (*): Note L, #0 isgiven,so |L,[>0.Let g =|L,/2]|,then &, >0, so by definition
of limit we seethat there exists 5, >0 suchthat |g(x)-L, <&, =|L,/2| whenever x satisfies
x=a and |x—ald,. Thisshowsfor all such x we have

|9(x) L, /2].
(why?) Teke M =|L,/2|, weseethat J,, M are both positive and that |g(x)|>M and for
al x satisfying x=a and |x—al d,, and hence (*) is proved.
Our proof is completed below:

We want to show Iimé(x) existsand Iimé(x) :Li ,Solet >0 begiven. ThenMeg/ 2 is
—a >
also positive, where M is as given by (*), so by definition of limit, we have
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l. thereisapositivenumber ¢, suchthat | f(xX)—L < Me&/2 whenever x satisfies
x=a and |x—al<o,, whereweassume o, < J,.

Furthermore, ML |e is also positive, so by definition of limit again, we have
20+ Ly )
. thereisapositive number ¢, suchthat |g(x)-L, < ;\A(ll—lﬁ_llf) whenever x satisfies
+

x=a and |x-al<Jd,, whereweassume o, <J,.
Now let & =min{d,,5,},thenweseethat § >0 becauseboth &§,,5, arepositive.
Furthermore, whenever x satisfies x=a and |x—al<d, we have

. | f(X)-L |<kMe/2 byl (because 6 <o, by definitionof o) ;
MIL, |e
21+ | Ly )
V. 1g(xX)>M by (*) (because both ¢,,5, <5, implies & <d,).

V. |g(x)-L, by Il (because 6 <o, by definitionof ) ; and

Combining I11, 1V and V, we have
fo b
lE(X) |_2|
JLITOO-LI+ILITg() - L, |
g [IL, | (3.5)

Meg 1
el wm

Ms 1
2 M
<&
where the first inequality follows from (3.4) and the second inequality follows from 111, IV and
V. Since (3.5) istruefor all x satisfying x=a and |x—al<d, wehave Iim%(x) exists and
. f L .
lim—(x) =—. Our proof is hence complete.

X—a g >

QE.D.

Proposition 3.3.

For all positiveintegersn, limx" existsand limx"=a".

X—a X—a

Proof. Notethat limx existsand isequal to a, because given any &> 0, we can ssmply take 6= ¢,

X—a

and then we will have 6> 0 aswell as |x—al & whenever x satisfies |x—al< d. Now for any

positive integersn, since x" = X- X----- X+ X, S0 by repeated use of Theorem 3.2.2 we have limx"
%/—J

X—a
n terms

existsand limx" =(limx)-(limx)-----(limx)-(limx) =a-a-----a-a=a". This completes our proof.
Xx—>a X—a X—a Xx—>a X—a R S

n terms

n terms
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(Can you give amore rigorous presentation of this proof using mathematical induction?)

QE.D.

Exercise

You are highly advised to go through the following exercises to check that you have firmly grasp the
right concepts before you move on to the next section where we shall use the above concepts
frequently in establishing the rigorous way to differentiation. You should always state clearly where
you have used the propositions and theorem mentioned above.

31

3.2

3.3

34

35

3.6

Explain why the following limits exist and evaluate them:
(@ Iirr;(x2 +3x+1)

(b) XIirpz(x+1)(2x2 —x%)

(©) lirpl(x—S)(sz +3x%)(X* +1)

2 3
(d) limf(x), where (=23 for x20
x—> X
. X*-4
e lim
© x>-2 X+ 2
x*-8

) le_r)g (x=2)(x+1)

Provethat for al real numbersc, limc existsand limc=c. (Notethat here limc means

X—a X—a X—a

the limit of afunction g(x) asxtendsto a, wheregisafunction withg(x)=c for al x.)

Prove that for all positive integersn and for all a= 0, Iimin exists and Iimin:i

x—a X x—a X n’
Prove that for all real numbersa, lim(a+ AX)* existsand lim(a~+ AX)* =a* for al positive
X—> X—>
integers k.

9(x+Ax) - g(x)
AX

Provethat if gisafunction and x is such that llrrz) exists, then lirrg)g(x+ AX)

exists and limog(x+Ax) =g(x).
Provethat if gisafunction and x is such that iimog(x+Ax) existsand iirr])g(x+Ax)¢O,

then there is a positive number such that g(y)=0 for dl y satisfying y= x and
ly—-xo.
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4. Theory of Differentiation

As mentioned in section 1, differentiation is the process of finding the derivatives of a given
function, and the derivative of afunction f at x is given by

£1(x) = lim f (X+AXx) - f(X) .
Ax—0 AX

Actually thisis not quite true; for ageneral function f and an arbitrary x there is no guarantee that
the above limit exists. The following definition gives a more accurate picture of what is happening
here:

Definition 4.1.

Let f beafunction. We say f isdifferentiable at x if the limit

lim f (Xx+AX)— f(X)
Ax—0 AX

exists. In that case we denotethelimitby f'(x) andsay f'(x) isthederivativeof f at x.

Furthermore, if f isdifferentiable at every x where f is defined, then we say simply that f is
differentiableand then f' can then be seen as anew function defined at every x wherefis

defined, called the derivative of f.

Note that geometrically f'(a) givesthe“slope” of the graph of f at a. (See section 1.)

We give an example which involves the differentiation of some simple polynomials.

Proposition 4.1.
1. Letfbeaconstant function. Then fisdifferentiable, and f'(x)=0 for all x.

2. Letnbeapositiveinteger and let f (x) = x" for all x. Then f is differentiable, and
f'(x)=nx"" forall x.

Geometrically the second assertion means that this means the slope of the graph of y=x" at
x=a isgivenby na""'.For example, the slope of thegraphof y=x* a x=3 is 2x3'=6.
Proof.

1. Supposefisaconstant function. Then thereisaconstant c suchthat f(x)=c for al x. Now
f(x+Ax)-f(x) c-c
AX AX

for any fixed x, we have =0 foral Ax=0.By Exercise3.2, wesee

that Iirr(}O existsand is equal to 0. So by Proposition 3.1, we see that lm}) f(X+AAX)_ f(x)
X—> VN X
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exigsand lim L EFEA=T) _ i 02 0. This meansf is differentiable at x and

Ax—0 AX AXx—0

£1(%) = lim f (Xx+AX)— f(X)
AX

AX—0

=0. Sincethe aboveistruefor al x, we have f isdifferentiable,

and f'(x)=0 forall x.
2. Letnbeapositiveinteger and let f (x) = x" for all x. For any fixed a, we have
fla+Ax)-f(a) (a+Ax)"-a"

A A =(a+AX)"" +(a+Ax)"*a+..+(a+Ax)a" > +a"* forall
X X

Ax#0 (why?). Now by Exercise 34, lim(a+ AX)* existsand lim(a+ AX)* =a* for all

positive integers k. So by repeated use of Theorem 3.2.1 and 3.2.2 we have

lim{(a+ AX)" +(a+AX)"?a+...+(a+AxX)a"? +a"'] existsand
X—>!

lim{(a+ AX)"M +(a+AX)"Pa+..+(a+Ax)a" P +a" ) =a" +a" " +...+a" = na"". Hence by
AX—>

n terms

f(a+Ax)-f(a)

f(a+Ax)- f(a) _

Proposition 3.1 we seethat lim existsand |im na"*.
Ax—0 AX Ax—0 AX
Thisshowsf isdifferentiableat aand f'(a) = li m fa+ AAX) — @ _ na"*. Sincethisistrue
X—> X

for al a, we havef isdifferentiable, and f '(xX) = nx"" for al x and we are done.
Q.E.D.

We have a useful theorem concerning the derivatives of sums, products and quotients of
differentiable functions (c.f. Theorem 3.2).

Proposition 4.2.

Let f, g befunctions. If f and g are both differentiable at x, then

1. f+g isdifferentiableat xand (f +g)'(x)=f'(X)+g'(x);

2. f.g isdifferentiableat xand (f-g)'(x)=f'(X)g(x)+ f(X)g'(x);

F9(x) - T(x)g9'(x)
[9(x))°

3. If g(x)=0 then % isdifferentiable at x and (%)'(x):

Proof. Suppose both f and g are differentiable at x. Then by definition and Exercise 3.5 we have
lim f (x+AX)— f(X) f(X+AX) - f(x)

l. existsand |im =T1'(x);
Ax—0 AX Ax—0 AX

i im 290 s and fim IXEAN=9() g'(x); and
AX—0 AX Ax—=>0 AX

1. lim g(x+Ax) existsand lin’gg(x+Ax):g(x).

Ax—0
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1. Notethat for Ax=0, we have
(f+9)(x+A) - (f +9)(x) _ f(x+Ax) - f(X) N g(Xx+Ax)—g(x) a.1)
AX AX AX

Now by Theorem 3.2.1, from | and Il we see that lim| f (X+AAX)_ 1, g(x+AAx)— g(x)]
X—> X X

existsand isequal to f '(x)+ g'(x) . Hence by (4.1) and Proposition 3.1 we have

llrno(f + g)(X+AAX))(_(f + g)(X) exists and lln})(f + g)(X+AAX))(_(f +g)(X) = f I(X)+gI(X) )

Thissays f +g isdifferentiableat xand (f +9)'(x)=f'(X)+g'(x).
2. Notethat for Ax=0, we have
(f - g)(x+Ax)—(f - 9)(x)
AX
f (X+AX)g(x+AX)— f(X)g(Xx) (4.2)
AX '
f (X+AX)— f(X) g(x+ AX) + (%) g(X+ Ax) —g(x)
AX AX

(check it!) Now I, I and I11 together with Theorem 3.2.1 and 3.2.2 imply that

lim{ f (X+AX) -
Ax—0 AX
f'(X)g(x)+ f(X)g'(x) . Proposition 3.1 and (4.2) then shows that
i (290 A0 —(F - g)(¥
Ax—0 AX

) g(x+Ax) + f(x) g(x+AAx))(— g(x)] exists and is equal to

exists and

lixi"o(f 'g)(“AAX))(_(f D) _ ¢ x)g(x)+ F()g'(x). Thissays f g isdifferentiable at x

and (f-9)'(x)=f'(x)g(x)+f(x)g9'(x).

3. Observethat by I, limog(”AAX)_g(x) exists and so by Exercise 35, lim g(x+Ax) exists
X—> X X—>

and iirrz)g(x+ AX)=g(X).Now g(x)=0, so iirrz)g(x+ AX) = 0, hence by Exercise 3.6 there

isapositive number ssuchthat g(y)=0 foral ysatisfying y=x and |y—x|d.
Therefore for Ax satisfying Ax=0 and |Ax|<d,wehave g(x+Ax)=0 and hence

Byx 89—y

g g

AX

f(x+Ax)  f(x)
_9(x+Ax)  9(x)
= Ax (4.3)
B 1 f (X+AX)g(x) — f(X)g(Xx+ AX)
- g(x)g(x+ Ax) AX
_ 1 f (Xx+AX)— f(X) g(x)— £ (x) g(x+Ax)—g(x)]

g(xX)g(x+ AXx) AX AX
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(check it!) Note that herelirr})g(x+ AX) =0, sol, Il and 111 together with Theorem 3.2.1, 3.2.2

. . 1 f(x+AX)— f(X) g(x+Ax)—g(x)

and 3.2.3 imply that l!(LnO g(x)g(x+Ax)[ " g(x)— f(x) ™ ]

(99— f(¥)g'(x)
[9(x)]*

My a - (D My m - (D
lleO 9 " 9 exists and l!(g]() 9

existsand is equal to . Proposition 3.1 and (4.3) then implies that

_FX¥9(x)-f(x9'(¥
AX [9(x)]* '
fF'(xg()-f(x9'(¥
[9(x)]* |

This says i is differentiable at x and (i)'(x):
g g

Q.E.D.
The following Corollary follows from (b) of the above proposition.

Coroallary 4.3.

Let f be afunction and ¢ be aconstant. If fisdifferentiable at x, then cf isalso differentiable at x
and (cf)'(x)=cf '(x).

Proof. In Proposition 4.2.2, let g be defined by g(y) =c for all y. Then by Proposition 4.1.1, g is
differentiable at xand g'(x) = 0. The result then follows from Proposition 4.2.2.

QE.D.

Example 4.1. If afunction gisdefined by g(x)=-7x’, then g is differentiable at x for all real x
and g'(x)=-7(2x>") =—14x by Proposition 4.1.2 and Corollary 4.3. So if afunction f is defined
by f(x)=x>-7x%, thenf, being the sum of two differentiable functions, is differentiable at any
real xand f'(x) =5x"—-14x by Proposition 4.1.2 and 4.2.1. Hence for example the slope of f at
(1,-2)is f'(1) =5x1* —14x1=-9. Indeed we can differentiate any polynomial now.

Example 4.2. If afunctionfisdefined by f(x)= 1 for non-zero real-values of x, then for al such
X

x-0-1.1 1

X, we havef is differentiable at x and that f '(x) = ——=—— by Propositions 4.2.3 and 4.1.2.
X X
, 1 1 : 1.. 1
For example, we seethat f '(2) = et which says the slope of f at (2,5) is 7

To conclude this article let us mention the intuitive idea of how differentiation can be used to
find the maximum and minimum of afunction. Look at the figure 4, we see that f attainsits
maximum and minimum at x, and X, respectively, whereitseems f'(x)= f'(x,)=0.A little
bit thinking might convince you that this seems reasonable, because the slope of f usually vanishes
where f attains a maximum or aminimum. But must it bethat f '(t) =0 if f attains its maximum or
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minimum at t? The answer is no, because the function can be of the form in figure 5! What’s wrong

there?

(%, F(%))

12 T T T T T

1 1.5

25

(t, £ (1)

02 1 1 1 1 1

Figure 5
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The problemisthat in figure5 f'(t) doesnot exist (seefigure). In other words, f is not

differentiable at t. But the following is true for functions defined on the wholereal line: For a
function f defined on the whole real line, if f attains its maximum or minimum at t and f is
differentiable near t, then f '(t) =0. Actually the words “maximum” and “minimum” here can be
replaced by “local maximum” and “local minimum” respectively, because all we are concerned with
are local behaviour of f near the point t. Hence to find the local maximums or minimums of the
function f(x)=x"—-2x*, sinceit is differentiable on the whole real line, we first find t where
f'(t)=0. Thisiseasy: itiseasily verifiedthat f'(x)=4x’-4x foralxso f'(t)=0 implies

4t® —4t =0 and hencet =-1, 0 or 1. Hence the local maximums or minimums of this f can only
occur at x =-1, 0 or 1. (And from agraph of it we can easily tell which islocal maximum and which
are local minimums.)

Conversely, suppose f '(t) =0, doesit necessarily imply that the function f attains alocal
maximum or local minimum at t? The answer is again no, as the following example reveal: The
function f(x)=x® isclearly differentiableand f'(0)=3x0°>=0 by Proposition 4.1.2, but 0 is
neither alocal maximum nor alocal minimum of f.

Figure 6: A graph of f(x)=x°

Anyway, all these should give you afeeling that differentiation, which is closely related to
slopes of graphs and rates of change, should also be very helpful in finding the local maximum and
minimum of differentiable functions.
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Exercise

You are highly advised to go through the following exercises to check that you have firmly grasp the
right concepts. You should always state clearly where you have used the propositions and theorem
mentioned above.

4.1 For each of the following functions, determine at what values of x is the function differentiable
and find the derivatives of the functions at such x. Interpret the derivatives you obtain as slopes
and rates of change.

(@ f(X)=x"-3x+2

(b)) g(¥) =(x+(2x* - X)

X+2

(© h(X):XZ+3
x* -1 .

(d) U(X): ﬁ-’_l if x#1
1 if x=1
x> ifx>0

© V(X):{o if x<0

) w(x) = x|

@ p() =X

4.2 InProposition 4.1.2 we proved that for al positive integers n, the function f defined
by f(x) =x" isdifferentiableand f '(x) = nx"" for all x where f is defined. Prove this result

actually holds for all non-positive integers n as well. (Note that we say afunction is
differentiable if it is differentiable at all x whereit is defined.) (Hint: use Proposition 4.2)

4.3 Find the local maximum(s) and minimum(s) of the following functions:
(@ f(X)=x>-5x"+x+1

() g(X)=x"-x*+7x
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