SETSAND FUNCTIONS |

1. Introduction of Sets

The concept of sets is the foundation of modern mathematics and definitions of most
fundamental mathematics terms are based on sets. Sets are well-defined collection of objects. Here,
“well-defined” means that there is a definite method to determine whether an object belongs to the
set. For example, we may define A to be the set of prime numbers. Recall that a positive integer is
called a prime if it has exactly two positive divisors, 2, 3, 5, 7 are members of A but 1, 4 are not.
Mathematically, we write

A= {x|xisaprimenumber}.

Generaly, we write {x | P(x)} to mean “the set of x such that the statement P(x) istrue”.

» Here, the letter x may be replaced by other symbols. For instance, {y | P(y)} isjust the same as
{x|P(X)}.

»  Sometimes the word “family” or “collection” is used in place of the word “set” to give a clear
picture. For example, we usually say “the family of sets” instead of “the set of sets” when we
refer to a set with its elements actually are sets themselves.

We may also define a set by listing out all its “objects’, like B={1, 2, 3}. Notice that it is the
same as{x | X isapositive integer not exceeding 3} .

If X isan object of the set A, we say x is an element of A, and write xe A. Otherwise, x¢ A.
Two sets A and B are said to be equal, or A = B, if they contain the same elements, ie.
xe A< xe B. The (unique) set with no element is called an empty set, denoted by . If a set
has one and only one element, it is called a singleton.

[llustration. Let X={a, b, c,d},then ae X, eg X.

The symbols“ vV” and “3” means “for all” and “there exists’ respectively. We say “ Vxe A,
P(x)” if every element x of A satisfies P(x) and “ Ixe A, P(X)” if at least one of the elements of A
satisfies P(X).
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[llustration. Let Y={1, 3,5, 7, 9}, then ¥xeY,xisodd. Also, 3dx e Y such that x isacomposite.

For any setsAand B, if VYxe A, xe B, i.e. B containsall the elements of A, then Aissaid to
be a subset of B, denoted by Ac B. Furthermore, if thereisan element of Bnot in A, Aiscalled a
proper subset of B. Clearly, A= B if and only if Ac B and Bc A. This property is useful in

proving that two sets are equal.

In convenience, we usually denote the set of natural numbersby N, the set of integersby 7Z,
the set of rational numbers by Q, the set of real numbersby R, and the set of complex numbers

by C. Clearly, NcZcQcRcC. The positive-element subset of Z, Q, R are Z*, Q",
R™ respectively.

» Thereis still no standard agreement on the set of natural numbers. Some regard it as the set of
positive integers, while the other regard it as the set of non-negative integers. For the rest of
the text, we adopt the first definition.

> We may denote the subset of a set A whose elements satisfied the statement P by
{xe A|P(X)}.

Example 1.1.

Prove that {x | x is a triangle with every interior angle not smaller than 60"} is equal to the set of
equilateral triangles.

Solution.

Let A be the set of triangles with every interior angle not smaler than 60", B be the set of
equilateral triangles. Since the three interior angles of any equilatera triangleis 60°, every element
of B satisfies the statement “a triangle with every interior angle not smaller than 60" ”. Therefore,
VxeB, xeA,i.e. BC A.

On the other hand, suppose xe A, Let 6,, 6,, 6, be the three interior angles, with
60" <6 <6,<6,.Since 60 <0,=180 -6, -0, <180 -60° - 60" =60", we get &, =6, =6,=60".
Therefore xe B. Hence Ac B. The proof is completed.
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2. Operationson Sets

For any two sets A and B, we define their union, AUB, by AuB={x|xe Aorxe B}.
Their intersection, AN B, isdefined by AnB={x|xe AandxeB}.If AnB=J, then A and

B are said to be digoint.

[llustration. Let A={1,2,3,4},B={2,4,6}. Then AuB={1,2,3,4,6},and AnB={2, 4}.

[llustration. The set of even numbers and the set of odd numbers are digjoint.

Theorem 2.1.

Let A, B, C be sets, then

1. AUA=A; (idempotent)
2. ANnA=A; (idempotent)
3. (AuB)uC=AuU(BUC); (associative)
4. (AnB)nC=An(BNC); (associative)
5. AuUB=BUA; (commutative)
6. AnB=BnA; (commutative)
7. (AuB)NnC=(AnC)u(BNnC); (distributive)
8. (AnB)uC=(AuC)n(BUC). (distributive)

Proof. (1)-(6) are rather trivial, and (7), (8) are similar, so only (7) will be proved here.

For (7), Vxe(AuB)NC,xe(AuB) and xeC,s0 xe AnC or xe BnC, which
means xe (ANC)u(BNC). Inother words, (AuB)NCc (ANC)u(BNC).

Next, Vxe (AnC)u(BNC), xe AnC or xeBnC.Hence, xeC,andeither xe A
or xe B istrue. Itfollowsthat xe (AuB)NC. Thisproves (AnC)u(BNC)c (AuB)nC.
Combining thetwo, weget (AuB)NC=(AnC)u(BNC).

Q.E.D.

As aresult of the associative laws (3) and (4) in theorem 2.1, we can simply write AUBUC
and AnBNC to represent the setsin (3) and (4) respectively. In the same manner, we can denote

theunion of thesets A, A,..., A, byAUA U..UA,, or simply Uin:lA,With
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JA ={x|xisan element of at least one A}.

i=1

The intersection of them, denoted by A " A, n...N A, or simply ﬂin:lA ,is
(A ={x| xeA foradli=1,2 ....n}.
i=1

Here are some more properties about intersection and union of sets. Although trivial, they may
be useful. The readers may try to verify them.

Theorem 2.2.

Let A, B, C be sets, then

S A;

Aud=A:

AN =0,

Ac AUB;

Bc AUB;
ANBcCA;
ANBcB;
AcB,BcC= AcC.

© N O~ wwDdNPRE

Let A, B be sets. The complement of B relativeto A, denoted by A\B, or A-B, isthe set
{x|xe Aand x ¢ B} .

[llustration. Z\Z" isthe set of non-positiveinteger, R\Q isthe set of irrational number.

In any discussion involving sets, we call the set consisting of all elements under discussion to
be the universal set, and is usually denoted by U. If such a set existsand AcU , we may denote
theset U\A by A°.In using this notation, we must make sure that the set U is clear and would
not cause confusion to readers.

Theorem 2.3.

Let A, B be sets, and U isthe universal set. Then
1. AUA°=U;

2. ANA"=0;

3. (A =A;

4. A\B=AnNB°.
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It is easy to prove theorem 2.3, so we shall not give a proof.

Theorem 2.4. (De Morgan’stheorem)
Let A, B, C besets. Then

1. A\(BuUC)=(A\B)n(A\C);
2. A\(BNnC)=(A\B)U(A\C).

Proof. (1) istrue because
xe A\(BUC) < xe Aandxg BUC
< xeAand (xg Bandxg C)
< Xe A\Bandxe A\C
< xe(A\B)n(A\C)

Similarly, for (2), it is because
xe A\(BNC)< xe Aandxg BNnC
< xeAand (xg BorxgC)
< (xe Aandx¢ B) or (xe Aand x ¢ C)
< Xe A\Borxe A\C
< xe (A\B)U(A\C)

Q.E.D.

> From theorem 2.4, we immediately get (X UY)® =X NY® and (XNY)® =X LY,
special cases of them.

Definition 2.1. (Intervals)

Let a,beR,with a<b. Thenwedefine

1. (ab)={xeR|a<x<hb};

2. [ab]={xeR|a<x<h};

3. (abl={xeR|a<x<h};

4. [a,b)={xeR|a<x<b}.

(a, b) is called an open interval, while [a, b] is called a closed interval. The other two are called
half-open (or half-closed). b — ais called the length of the interval. If there exists a positive integer

M such that for any x in the interval, |[X<M , the interval is said to be bounded. Otherwise, it is

unbounded.

We usually use the symbols “o0” and “ —o0” to mean positive infinity and negative infinity
Page 5 of 22




Mathematical Database
respectively. They may be considered as “numbers’ beyond the real number system such that for
any real number x, —o < X< . Notice that neither of them belongsto R . We may replace a by

—o and b by o in open interval or half open intervals in definition 2.1 to represent unbounded
intervals. For instances, (—o,©) =R, (0,0)=R".

» ltisincorrect towrite (1,], [-«,0) todenoteintervalsin R since oo,—w0¢R.

Definition 2.2. (Power Set)
Let A be a set, then we define the power set of A to be the set of all subsets of A, denoted by P(A).
Symbolically, wewrite P(A) = {x| xc A}.

» Notethat @< A forany set A. Indeed, P(&)={@} isnotempty.

> Ingeneral, Ac P(A) isfalse, exceptwhen A=0J.

[llustration. Let A={0, 1, a}, then P(A) ={ & {0}, {1}, {a}, {0, 1},{0, a}, {1, a}, A}

For any sets A and B, we define their Cartesian product AxB to be the set of all ordered
pairs (a, b) with ac A, beB. Shortly, AxB={(a,b)Jae AandbeB}. In genera, we may

extend the definition to n arbitrary sets A, A,, ..., A, with
AxAx.xA ={(a,a,,..,a,)|a A fori=12,..n}.
If A=A =..=A =A, wecansimply write A" instead.

Illustration. Let A={1, 2,3}, B={a b}. Then AxB={(1a),(1b),(2a),(2,b),(3 a),(3 b)}

llustration. (1, 2, 3) and (2, 1, 3) are two distinct elementsof N°.

3. Functions

Definition 3.1. (Function)

Let A, B be non-empty sets. Then a function (mapping) f from Ato B, denotedby f:A—B,isa
rule that associates each element a in A a unique element b in B. We say that f maps a into b, and
writef(a) = b.

Here, Ais called the domain, and B is called the codomain of f. b iscalled theimage of a, and ais
apre-image of b under f.
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» If the codomanis R or C, f is sad to be a real-valued function or a complex-valued
function respectively.

[llustration. Let f :N —7Z, defined by f(X)=(-1)*x. It is well-defined since for every xeN,
there exists an unique element yeZ suchthat y=(-1)*x. For example, f(3)=(-1)°-3=-3.

[llustration. If welet g:N — N, but with g(x) = x/3, then g is not well-defined. For instance, 1

is an element of the domain, N, but there does not exist an element y from the codomain, also N,
suchthat y=1/3.

Sometimes, afunction would be defined according to definition 3.2.

Definition 3.2. (Function, in terms of sets)

Let A, B be non-empty sets. Then afunction f isasubset of Ax B, which satisfies
1. VaeA, dbeB suchthat (a,b)ef;

2. If (a,b),(a,b)e f,then b=b".

Wewritef(a) =bif (a,b)e f.

Readers should have aready noted that the two conditions in definition 3.2 is actualy
corresponding to the words “each” and “unique’ in the phase “associates each element a in A a
unique element b in B” in definition 3.1 respectively. Indeed, the difference in the two definitionsis
just a matter of presentation only.

Definition 3.3. (Equality of functions)
Let f:A—>B, g: A— B befunctions, thenwesay f equal to g, denotedby f =g, if
f(x)=g(x) foral xinA.

Definition 3.4. (Direct Image, I nver se Image and Range of a function)
Let f:A— B beafunction, then for any X < A, we define the direct image of X under f, f(X),
to be
f(X)={beB|b= f(x) for somexe X}.
For any Y c B, wedefinetheinverseimageof Y under f, f*(Y), tobe
fHY)={acA|f(a)eY}.
In particular, we define the range of f, denoted by R(f ), to be f(A). That is
R(f)={beB|b= f(a) forsomeac A}.
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Example 3.1.

Determine whether the following functions are well-defined. Give the range of them if so.
1. f:N—>N,withf(n) defined to be the n-th prime number.

2. g:R*->R,with g(x,y)=x".

h:R — Z, with h (X) defined to be the largest integer not exceeding x.
p:Q—>Z,with p(f)=n.

Solution.
Since there exists infinitely many prime numbers, and each prime number is a natural number,
f iswell-defined, with R(f) being the set of all prime numbers. The function g is not well-defined

because g is not defined at (0, 0). Since for any real number X, there exists a unique integer m such
that m<x<m+1, h is well-defined. Indeed, h(x)=m, and R(h)=7Z . Finaly p is not
well-defined because the definition is not clear. For example, =2, but we can't decide whether

p3)=2 or p()=p3)=4.

Theorem 3.1.

Let f:A— B beafunction, A,A, c A, B,B,c B, wehave
If Ac A, then f(A)c f(A);
F(AVA)=T(A)VT(A);

FANA)c F(A) N T(A);

Ac tH(T(A));

If B =B, then f*(B)cf™(B,);
f(B,UB,)=17(B)u™(B);
f(B,NB)=17(B)nf7(B,);

f(f(B))cB.

© N O Ok~ wDdPE

Proof. We will provide proofs for (1), (3), (8).

For (1), sincevye f(A), 3xe Ac A, such that f(x)=y, y=f(x) e f(A) dso. (3) is
true because Vye f(ANnA), IxeAnA such that f(X)=y . As xeA , XeA ,
y=f(X)c f(A)n f(A). For the last one, Vye f(f*(B)), Ixe f *(B) suchthat y=f(x).
Note that by definition of inverse, f(x)e B, s0 ye B,. Thisestablishes (8).

QE.D.
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Definition 3.5. (Composition of Functions)
Lee f:A—>B, g:C—>D be functions. If BcC , we define the composite function
gef:A—>D by

go F(x)=g(f(x).

lllustration. Let f:C—-R, g:R—R be functions defined by f(x)=|x|, g(x)=x*, then
go f(x)=g(f(x)=g(x])=|x[=xX.

> Ingeneral, gof #fog.

Theorem 3.2.
Let f:A—>B,g:B—>C,h:C— D befunctions. Then

ho(go f)=(hog)of.

Proof. Exercise.

» Asaresult of theorem 3.2, we can compute the composite function f o(f,o(...(f ;¢ f,))) In
any order, and so we can simply writeitas f o f,o..f jof,

Theorem 3.3.
Let f:A—>B,g:B—>C befunctions. If X cC,

(go F)(X)=1(g7(X)).

Proof. Exercise.

Definition 3.6. (Injective, Surjective and Bijective functions)

Let f:A— B beafunction.

If forany b, b, inA, f(b)=f(b)=Db =Db,, fissaidtobeinjective.

If for any bin B, thereexistsain Asuchthat f(a)=Db, fissaidto be surjective.
If afunction is both injective and surjective, it is said to be bijective.

> From the definition 3.6, we can disprove f being injective by giving an example of distinct a,,
a, inAsuchthat f(a)=f(a,).If wecanfindab in B suchthat for any ain A, f(a)=Db,

we can disprove f is surjective.
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» If f:A—B is injective, then the function g:A— f(A) defined by g(x)=f(x) is
obviously bijective.

» Sometimes we say f is one-one if f isinjective, onto if f is surjective and one-one onto if fis
bijective. Such afunction is called ainjection, a surjection and bijection respectively.

Example 3.2.

Determine which of the following functions are injective and surjective.
1. f:Q->Q,definedby f(x)=x/2.

2. g:R->R,definedby g(x)=x.

3. h:R*—>C,definedby h(x,y)=x+Vi.

Solution.
For (1), f(x)="f(x)=x/2=X,/2= X =X,.Also, for any rational number x, 2xisalso a
rational number, with f (2x) = x. Thus, f is both injective and surjective.

For (2), g(1)=g(-1 =1. Also, thereisno real number x suchthat g(x)=—1eR.Hence, gis
neither injective nor surjective.

For (3), h(x,y,)=h(X,,¥,) = X + Vi =X+Y, = X =X,Y, =Y, .Furthermore, VzeC, we have
h(Re(z),Im(z)) = z. Hence, his both injective and surjective.

Example 3.3.

Prove that for any non-empty set A, there does not exist a bijective function from A to P(A), where
P(A) isthe power set of A.

Solution.
We will prove it by contradiction. Suppose such a function, saysf, exists. We define a subset B of A
by B={xe A|xg f(x)}. Since f is surjective, there exists ac A such that f(a)=B. We will

prove such a does not exist by proving neither “ac B” nor“a¢ B” ispossible.

If aeB, by the definition of B, we have a¢ f(a) =B, acontradiction. Conversely, if a¢ B,
then ag f(a). Thus, ae B by the definition of B, again a contradiction.

In example 3.2, if we confine the domain and codomain to the set of all non-negative real

numbers, g will be bijective. Very often, we can get some useful property if we restrict our attention
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to a subset of the domain. This motivates the definition 3.7.

Definition 3.7. (Restriction of Functions)
Let f:A— B beafunction, Sbeasubset of A. Then the function fg:S— B, defined by

f.(x)=f(x) VxeS,
iscalled therestriction of fto S.

> For the sake of simplicity, we may use f instead of fg for a restriction when it would not

cause confusion to the readers.

[llustration. The trigonometric functions sin and cosfrom R — R are not injective. However, the
restrictions of themto [-7/2,7/2] and [0,z] respectively areinjective. Similarly, the restriction
of tanto (—z/2,7/2) isinjective.

Definition 3.8. (Identity Functions)
We define the identity function i,: A— A by

I,(X)=x, foral xinA.

As discussed before, a well-defined function f: A— B must satisfy two conditions. First,

each element a in A is associated to an element b in B. Second, this element b is unique. In view of

this, if f is surjective, we can consider each element b in B is associated to an element a in A where
f(a) =b. Furthermore, if f isinjective, this element a is unique. Hence, if f is bijective, we may

define afunction in the other “direction”, with the role of domain and codomain interchanged.

Definition 3.9. (Inverse Functions)

Let f:A— B be a bijective function. We define f*:B— A by f'(b)=a, where a is the
unique pre-image of b.

Thefunction f iscalled theinversefunction of f.

> Clearly, f7*of=i,, fof™=i; in definition 3.9. In fact, if there is a function g:B— A
suchthat gof =i, and fog=i,, wecanconcludefisbijective, with g=f* conversely.

» The notation of inverse function is very similar to that of inverse image. The only differenceis

that the “input” of inverse function is an element of codomain of the original function, and that
of inverse image is a subset of the codomain. Sometimes, people may even use f *(b) to
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represent f*({l}) for a non-bijective function f. We should use this only when the meaning

is clear from the text.

Theorem 3.4.

Let f:A—>B, g:B—C befunctions. Then we have

1. Iff,gareinjective, go f isinjective;

2. Iff,garesurjective, go f issurjective;

3. Iff,garebijective, go f isbijective, with (gof)™*=f"0og

-1

Proof. Exercise.

With bijection defined, we can introduce the concept of cardinal number of a set.

Definition 3.10. (Cardinal number)

For any sets A, B, we say A and B have the same cardinal number, and write A~B if thereis a

bijection from A to B. Furthermore,

1. Aissaidtobefiniteif A=< or A~J, for some positiveinteger n. In the second case, we
may say the cardinal number of Aisn, or ssimply A has n elements;

2. Aissaidtobeinfiniteif Aisnot finite;

3. Aissadtobecountableif Aisfiniteor A~N;

4. Aissaidtobeuncountableif Aisnot countable,
where J, ={12,..n} for any positive integer n.

> If A~J,, A~J,,then m=n. Hence the cardinal number of afinite set is unique.

» Infact, thesets N, Z, Q, and any infinite subset of them have the same cardinal number, and
thus are countable. Examples of uncountable setsare R, C and P(N).

Example 3.4.
Provethat N~7Z.

Solution.
Define f:N—>Z by
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n/2, niseven
f(n)= _'
-(n-1)/2, nisodd
Sincefisbijective, N~7Z.

Exercise

1. Provethat the cardinal number of afinite set is unique.

2. Giveanexamplesuchthat f:A—>B, X, YC A and f(X)nf(Y)= f(XNY).

3. Let f:[0,1] — (0,2) beafunction, defined by

1/(n+2), x=1/n,neN
f(X)=1:1/2, x=0
X, otherwise

Show that f is bijective. Hence, [0,1] ~(0,1).

4. |If definition 3.2 is used for function, give the corresponding definition for inverse in a similar
way.

5. Giveanexampleof f,g,from R to R,suchthat fog=gof.
6. Provetheorem 3.2.
7. Provetheorem 3.3.

8. Provetheorem 3.4.

9. Show that for any distinct real number a, b, (a,b) ~[a,b] ~R. (Actually, al non-degenerate
intervals, i.e. intervals contains more than one element, have the same cardinality.)
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4. Further Discussion on Real-valued Functions

In this section, we will introduce several types of real-valued functions and give some of their
special properties.

We first introduce some arithmetic operations on functions.

Definition 4.1. (Arithmetic Operations on Functions)

For any real number c, real-valued functions f and g with the same domain, we define

1. o (X)=c f(X);

2. (f+9)(0)=f()+9(x);

3. (f-9)(¥)=f(x)-9(x);

4. (fg)(¥) = f(x)-9(x).

If g(x)=0 foral xinthedomain, we define

5 (f/9)(¥)=f(®)/9(x),

where these real-valued functions cf f+g,f—-g, fg, f/g al have the same domain as f and g
does.

Definition 4.2. (Bounded Functions)
For any real-valued function f defined on A, f is said to be bounded if there exists an real number M
such that

|f(¥)|<M , foral xinA.

We say f is bounded above if for al xin A, f(x) <M, for somereal number M., andis bounded
below if for al xin A, f(x)>M, for some real number M,. M;, M, are caled upper bound

and lower bound respectively.

> A bounded function is both bounded above and bounded bel ow.

»  Thesum, difference and product of finitely many bounded functions are bounded.

[llustration. f:R —>R defined by f(x)=2*. f is bounded below by 0. However, f is not

bounded above, so is not bounded. However f is bounded in any bounded intervals.
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Definition 4.3. (Even, Odd Functions)
For any real-valued function f defined on asymmetric set A (i.e. xe A< —xe A)in R, fissaidto
be even if

f(x)=f(-x), foral xinA.

fissaid to be odd if
f(X)=—1f(-—x), foral xinA.

» An odd function defined at O must attain zero there.

[lustration. The trigonometric function cosis an even function, and sin is an odd function.

The graph of an even function is symmetric about the y-axis.

-2 -1 1 2

Figure 1: An even function

The left half side of the graph of an odd function looks like to be formed by rotating the right
half side of it by 180" about the origin.

1.5

0.5

-2 ~1 1 2

Figure 2: An odd function
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Theorem 4.1.

Let p, g be odd functions, r, s be even functions defined on the same domain, ¢ be a constant. Then
1. -p,—qareodd, -r, —sare even,

2. cp isodd, criseven;

3. pzxq isodd, r+s iseven;

4. pgq andrsareeven, pr isodd;

5. 1/p isodd, 1/r isevenif they are defined.

Proof. Exercise.

Definition 4.4. (Monotonic Functions)
Let f:A—> B where ABc R .Wesay that fisincreasing if
f(X)< f(y), Vx,ye A with x<y.
If f(xX)<f(y) isreplacedby f(x)< f(y),fissaidtobestrictly increasing instead.
Decreasing and strictly decreasing functions are defined in similar way. All these functions are
said to be monotonic.

llustration. x® is strictly increasing on R, while 1/x is strictly decreasing on (0,0) The
trigonometric function cosis an even function, and sin is an odd function.

If fisstrictly increasing (decreasing), f must be injective. Hence, the function g: A— f(A)
defined by g(x) = f(X) isbijective and inverse exists. Actually the inverse function preserves this

property.

Theorem 4.2.
If ABcR, f:A— B is drictly increasing (decreasing), and g: A— f(A) is defined by
g(x) = f(X), then gishijective, and bothgand g™ isstrictly increasing (decreasing).

Proof. We have already shown that g is bijective, and g being strictly increasing istrivial. It remains
to show g being strictly increasing. For all x <y in f(A), there exist a, b such that f (a) = x,
f(o)=y . a>b would lead to a contradiction that x=f(a)>f(b)=y . Hence

g(x)=a<b=g(y).
Q.E.D.
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Definition 4.5. (Periodic Functions)
If f:R—>R satisfies f(x+p)=f(x) for al real number x, f is said to be a periodic function,

and piscaled aperiod of thef.

» Clearly if pisaperiod of f, mpisalso aperiod for any positive integer m.

[llustration. The trigonometric functions cos and sin are periodic functions with 2z being a
common period of them.

Exercise

1. Provetheorem 4.1.

2. If f:R—R isbothevenandodd, provethat f =0.

5. Relations

We know that we can classify the set of integers into two subsets by their parities, namely odd
numbers and even numbers. We call the collection of these two subsets to be a partition of integers.
More generally, given an arbitrary set, we can define a partition by:

Definition 5.1. (Partition)
Given anon-empty set A, apartition of A isacollection of digoint subsets of A whose unionisA.

[llustration. {Z",Z  ,{0}} isapartitionof Z.

[llustration. For each positive integer q, define A!:{Be(@meN,gcd(p,q):l}. Then
q

{A |neN} isapartition of the set of al positive rational numbers.

With a partition of A defined, we see every element a< A belongs to one and only one subset
in the partition. Therefore, we may consider a partition as a classification of elements of a set.

Normally, we would classify the elements of a set, or define a partition on it in the sense that the
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elements of the same subset should share some common properties. A nice way to express this idea
mathematically is by the concept of equivalencerelation. Before explaining what it is, first one has
to introduce what arelation on a set means.

Definition 5.2. (Relation)
A relation R on a non-empty set A is a subset of Ax A. For any elements x,ye A, we say X is

relatedtoy, or xRy if (x,y)eR and xRy if (x,y)¢R.

» It may be inconvenient to define a relation as a subset of the Cartesian product. Mostly we

would just express it by a statement instead. For example, we define a relation ~ on Z by
x~y if x—y=2k for some integer k. It is equivalent to define ~ to be the set

{(x, Y} €eZ? | x-y=2k,keZ}.

» Notice that the order is important in general. That means xRy does not necessarily imply
yRX.

lllustration. DefinearelationRon R by xRy if x—yeN.Thenwehave 3RL, but 1K3.

As said before, usualy we would define relations in a meaningful manner for some purpose.
Two particularly important relations will be discussed below.

Definition 5.3. (Equivalence Relation)
A relation R on anon-empty set Ais called an equivalence relation if

1. xRx foradl xinA. (Reflexive)

2. XRy= yRX. (Symmetric)
3. XRy,yRz= xRz (Transitive)

Example5.1.

Verify that the relation ~ on R, defined by x~vy if x—yeZ, is an equivalence relation. How
about if we change the conditionto x—yeN

Solution.

To prove it, just notice that VX,y,ze R, x—-x=0€Z, X-yeZ=y-X=—(X-y)eZ and

X—VY,Y—z2e€Z = X-—z2=(X-Y)+(y—2) € Z. Hence the three properties in definition 5.3 hold. As
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aresult, ~ is an equivalence relation. However, if the condition is changed to x—ye N, then the

symmetric property would not hold because 2~1 but 1.~ 2 and it cannot be an equivalence
relation.

Example5.2.
Define a relation “~” on N? with (a,a,)~(b,b) if a+b =a,+b . Show that it is an

equivalence relation.

Solution.

Since a+a,=a,+a for any a,a,eN, (a,8)~(a,a) and ~ is reflexive. Also, if
(a,a,)~([b,b),then a+b,=a,+b=b+a,=b,+a =(,b)~(a,a,). Henceit is symmetric.
Finaly, if (a.a,)~(B.b,), (b.b)~(c.C), then a+b,=a,+h, b+c,=b,+c,. Therefore,

(& +c)+(b+b)=(a+b)+(b+c)=(a,+h)+ (b, +c)=(a,+c)+(+b,) . By cancellation
law of addition of natural numbers, we get a +c,=4a,+C,. SO ~ is transitive and thus is an

equivalence relation.

For each x€[0,1), let A ={x+n|neZ}}. It is clear {A |x<€[0,)} form a partition of R.

Also, for any real numbers a and b, we have a~b, where ~ is the equivalence relation defined in
example5.1, if and only if a, bareinthesame A, for some x€[0,1). The reason that equivalence

relation is so important is that it induces a partition on a set. Indeed, there is a one-one
correspondence between the two.

Theorem 5.1.

Given an equivalence relation R on a non-empty set A. For each aec A, define (a) ={xe A|xRa}.
Then {(a)|ae A} formsa partition of A. We say that the partition isinduced by R.

Conversely, if a partition of A is given, the relation on A defined by x~y if X, y belong to the
same subset of the partition is an equivalence relation.

Here, (a)={xe A|xRa} is called the equivalence class of a, and the set {(a)|ac A} is cadled
the quotient set of A with respect to R, denoted by A/R.

Proof. We will prove the first half and leave the proof of the second half to the readers as exercise.
By the reflexive property, Vae Aac(a)e{(a)|ae A}. Hence, the union of the elements of

collection is A. To show its elements are digoint is equivalent to showing if a,be A, either
(@y=(by or (aA)n(by=.
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Suppose (ayn(by=<J, then 3ce A such that ce(a),ce(b) or cRa,cRb. By symmetric
property, aRc. Now Vxe(a), by transitive property, xRa,aRc,cRb= xRb= xe(b), that is,
(a) c (b). Similarly, (b)c(a).Hence (a)=(b) and we get the conclusion.

Q.E.D.

» Equivalence relation is called congruence relation sometimes, and one may use a=b to
represent a~b in this case. Symbols like a and a are commonly used to denote (a).

Any elementin (a) iscaled arepresentativeof (a).

Since ~ in example 5.2 is an equivalence relation, it induces a partition of N?. It is an
important and interesting example because each equivalence class ((a,b)) formed can be
considered to represent the integer a—b. It may seem strange, but it is exactly how the number
system is built up. After defining natural number and its addition and multiplication in our
mathematical system (which is based on sets actually), we will try to extend it to integers, rational
numbers, real numbers and then complex numbers stepwisely.

Readers should be careful that we cannot define subtraction in natural number since 1-2

should not be something in N . As a result, we have to avoid using subtraction in constructing
integers from natural numbers, as we did in example 5.2. With the idea that ((a,b)) represent

a—b inmind, it isnot difficult to expect we should define “addition” and “multiplication” on these
equivalence class by

((a, b)) +((a,,b))y =((a, +a,,b +b,))
((a,))((a,,b)) =((aa, +bb,,ab, +a,B))

One important point to notice is that, in defining operations on equivalence classes by its
representatives, we must ensure that the outcome is independent of the choice of the representative
in the classes. Take the addition above as an example. For the operation to be well-defined, one
should check that

(a,b) ~ (a,b,).(a,,b,) ~ (a,,b,) = ((a, ) +{(a,,b,)) =((a;,b,)) +{(a,.,b,))
It istrue, Since

a1+b3:ag+b1!a2+b4:a4+b2
= (@ +a,)+(b+b)=(a;+a,)+ (0 +b,)
= (& +a,,b +b)) =((a; +a,,b,+Db,))

The checking on multiplication is | eft as an exercise.

Equivalence relation can be viewed as a generaization of “equal”. The triangles with side
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length 3, 4, 5 and 6, 8, 10 are not equal, but is related under the equivaence relation of similarity. If
we just want to focus on properties which are invariant under similarity, like ratio of sides, we may
simply consider the two triangles as the same thing. Equivaence relation appears in nearly every
branch of mathematics and is a powerful tool.

Exercise

1. Recall that two triangles are similar if they have same interior angles, prove that the similarity
of triangles isindeed an equivalence relation.

2. Complete the proof of theorem 5.1.

3. Check that the multiplication defined by
((a,h))-((a,,b,)) = ((a,a, +bb,, ab, +ah))

on the quotient set N2/~ in example 5.2 is awell-defined operation. You may use cancellation
law of addition for natural numbers (i.e.a+b=a+c=b=c), but subtraction should never
appear in your working.

6. Solutionsto Selected Exercise

Functions
2. Let f(x)=x*, A=[-10], B=[0,1,then f(ANB)={0 #[0,1]=f(A) N f(B).

4. If f is bijective, the inverse function f™ of f is defined to be the subset of Bx A, with
f*={(b,a)|(a,b)e f}.

6. Theorem 3.2 istrue because for al xin A, we have
ho(ge f)(x)=h(ge f(x))
=h(g(f(x)))
=hog(f(x)
=(h=g) f(x)

9. Let f:[0,]—>[ab], g:(01)—(ab), h:(01)—>R defined by f(x)=a+x(b-a),
Page 21 of 22



Mathematical Database
g(xX)=a+x(b—-a), h(x)=tan[z(x-0.5)] . Clearly, al the three functions are bijective.
Therefore, by theorem 3.4 and exercise 3.3, we have [a,b] ~[0,1] ~ (a,b) ~(0,) ~R.
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