Hausdor ff Dimension

Hausdorff dimension was singled out by Mandelbrot when he defined “ fractal” as a set
for which the Hausdorff dimension is strictly greater than the topological dimension. Before
going through the details, let us agree with the following:

Notation and Terminology.
The diameter of anonemptyset U (in R", or any metric space) is
lU| = sup{|x- y|: %, yT U}.
A countable collection {U,} of subsatsof R" issaidto bead-coverof FI R" if
FilJu, ad O<|y|<d "i.

Definition.  (Hausdorff measure)
Given s3 0.Foreach Fi R",denote

Hs (F) =inf 1& U,[ :{U,}is ad-cover of F%.
I

Notethat H;(F) increasesasd decreases, this alows us to define
H (F):Ll(grng(F).
Wecdl H®:P(R")® [0,¥] the s-dimensiona Hausdorff measure.

In order to justify the term “ measure’, we have the following

Theorem 1.
The set function H®: P(R")® [0, ¥] isan outer measureon R" and the Borel sets are
measurable, i.e.
(1) H3(f)=0.
(20 HS(E)£HS(F) if EI F.
(3) If F,F,,... isaseguence of subsetsof R", then

¥ o

HsngFKSEgHS(Fk).
k=1 @ k=1

(4 If FisBord, thenforany Al R",
H*(A)=H*(ACF) +H*(ACF®).

» (2 iscaled monotonicity of (outer) measure, (3) is countable sub-additivity. (4)
guarantees the equality in (3) holdsif F,F,,... are mutualy digoint Borel sets.

Pr oof.

Checking (1)

Thisis obvious because any collection of setsis acover of empty set.
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Checking (2)
Simply note that any d-cover of F is also d-cover of E, and the infimum over alarger set is
smaller.

Checking (3)

Assume H®(F) <¥ for dl k.Given e>0,forany ki N, thereexistsad-cover {U®}
(depending on k) of F, such that

8O <Hi )+
Taking summation through k =1, 2, ...,
¥
aau®| <aHsiF)+e.
k i k=1

Since {U{} isacoverof F,_ foreachk, thecollection | J{UX} isacoverof | JF,,it

ki N K N

follows that

. . ¥

HyeUF2£ 4 A UM <AH;(F) +e.
K N 4] ki k=1

Letting e® 0,

S O 3 S

SRR IEAHIR)

K N d k=1

forany d >0.Welag d ® 0 and get
S O 3 S
H gaTle+£éH (F)-

ki N @ k=l

Now, H°® isshown to be an outer measure. Our goal isto prove the Borel sets are
measurable. Before proving (4), we need alemma.

Lemma. If X,YI R" and d(X,Y)>0,then HS(X EY)=H*(X)+H*(Y).

Reason. For sufficiently small d >0, no set with diameter less than d can intersect both X
and Y. The lemma follows from this observation.

Checking (4)

Since the measurable sets form a s—algebra, we assume (without loss of generality) that
F = B(x,r) isaclosed ball centered at x with radiusr.

By (3), H® isknown to be countable sub-additive. It remains to show

H*(A)3 HS(ACF)+H°(ACF®)  —mmmmmmmmmmeeeee 1)
forany Al R".
Let A(:;lyT A'r+i£ X- 3,{< r+1[’.l for k=0,1,2..,then
T " k+1 k% ] ] ]
¥
ACF° =JA.
k=0
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Here we have used the condition that F is closed.

Now, foreach nl N,
5

HS(A):HSg(‘Ac F)EUA;

P dACHEUA Y

a
S S " O
=H*(AGF)+H ETJAH
k=0 @
the last equality holds because of the lemma. Letting n® ¥,
S S H S ¥ 0
HE(A) HE(AG F)+limH° AL oo @

%]

n .e ¥ we

We daimthat limH®{ JA 2=H*  J A 5. If thisis done, then (2) is equivalent to (1) and
ne¥ 8k:0 (%) gk:o @

our proof is completed.

n O ¥ O
The inequality Ii®rr¥1H s EU A -EH® gj A - istrivia (because H°® has monotonicity). To
. =0 @ o 2
get the opposite result, note that for each nT N one has

I TR O O

=H T.ka +aH (A1+2k1)+aH (A\+2k)

kO g k=1

6
Be careful that our lemmais used again to guarantee H*® aU Ao~

¥
= H(A.n..) and
k 1 ﬂ k=1

He A 2= A H ()

Now, letting n® ¥ in the previous inequdlity,
¥ e n e
He S JA SElmH T A 5.
gkzo g " gkzo a2

This proves our claim and compl etes the proof.
QED.

Sometimes we use the open cover in the definition of Hausdorff measure. More
precisely, if we define

M; (F) =inf 1 & |U;[" :{U,}is ad-cover of F by Opensasi
I
M*(F) = limMg (F),
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then MS(F) =H®(F) fordl F I R".The proof goes as follows:

Clearly, M®(F)3 H*®(F) since any open d-cover of F is a permissible covering in the
definition of H; . To show the opposite inequality, we suppose H*(F) <¥ and choose an
e>0.Thenforeach d >0 thereisad-cover {U,} of F such that

AL <HS(F)+e oo 3

Foreachi, let V, = U B(x,r),where r >0 ischosen to be sufficiently small so that
AU,

Ml<d ad  M[E[U
Then
ANM[EA[ +e e @

By (3)and (4), |\/i|S <H;(F)+ 2. Notethat {V} isad-coverof F by open sets, it
follows that
MS(F)E QM| <H;(F)+2

truefor arbitrary e >0.So, Mj(F)£H;(F) fordl d >0, followsthat M®(F) £EH®(F) .
Hence, MS(F)=H*(F) foral Fi R".

» Itiseasy to check that the same value for Hausdorff measure will give if we use only
d-cover by closed setsin the definition. Thisis because the closure of aset U has the

same diameter as U, i.e. |U| =|u].
» If F is compact, we may even consider only finite d-cover of F in the definition of
Hausdorff measure. This gives the same value because any d-cover can be expanded

dightly to open d-cover and then reduce to finite subcover.

It is not difficult to see H® isthe counting measure. More generaly, we have

Theorem 2.
If FisaBord subset of R", then

H"(F)=c,vol"(F),
n/2

where the constant ¢, = N
2" (n/2)!

For example, H'(F) =length(F), HZ(F):%’ area(F), H3(F) :%’ vol(F).
The proof of this theorem is not important for our purpose and hence omitted.
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Theorem 3.  (Scaling Property)
Forany FI R" and | >0, onehas
He(I F) =1 HE(F).

Proof.
Suppose {U.} isad-coverof F.Then {l U} isal d-coverof | F. Hence,

HL (P EQNU =1"aul.
Take infimum, run through all d-covers {U,} of F, we get
H (I F)ETHI(F).
Letting d ® O,
HS(I F)EI *H®(F).

Replace| by Ii and Fby | F, the opposite inequality follows.

QED.

Weexpect H°® to be trandation invariant, i.e. H*(F +x) =H °(F). The following

theorem explains this.

Theorem 4.
Lee Fi R"and f:F ® R™ beamapping such that

[f0- f(|Ecx-y  xyT F)
for positive constants ¢, a. Then for each s,
HY (f(F)) £ c*®HS(F).

Proof.
Suppose {U,} isad-cover of F,then |f(F GU,)|£c|U,[ <ad®. That means
{f(FCU,)} isa cd®-coverof f(F). So,

2 a o a2 \92 2 9 s
HEAENERITFOUIT £ & (e )" =" & -

Taking infimum,
HI ((F)) £c¥H (F).
The result follows by letting d ® O.

» A function satisfying
[f()- f(Y|Ec|x-y] (xyl F)
is called Lipschitzfunction. In thiscase we have H®(f (F))£ cH®(F).

> Iffisanisometry,ie. |[f(x)- f(y)|=|x- y|,then H*(f(F)) =H*(F).

Q.ED.
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For afixed F1 R",wecancaculate H®(F) for various values of sand plot the
following graph.

#(F)

0 ditn 5

Thegraph of H*®(F) isdecreasing because H;(F) isdecreasingwith sfor d <1.Note
also that thevalueof H®(F) “jump” from ¥ to 0 at a particular point. The reason is
smple: if t>s, then for any d-cover {U.} of F we have

Al £d=gq .
Taking infimum, we get H; (F)£d"°HJ (F).If H®(F)<¥ ,then H'(F)=0.This
explains why the graph “jump” from ¥ to O.

Definition.  (Hausdorff Dimension)
Let FT R",the Hausdorff dimension (or Hausdorff-Besicovitch dimension) is
dim, F2inf{s:H*(F)=0} =sup{s:H*(F) = ¥}.

»  From the above discussion, we see that

1 ¥ ifs<dimy F

10 ifs>dim, F

Atthepoint s=dim, F,thevalueof H°®(F) may be zero, infinity, or satisfies
O<H®(F)<¥.

H¥(F) =

Theorem 5.
Le FT R"and f:F ® R™ satisfying

1f(x)- F(W|Ecx-Y xyl F)
for positive constants ¢, a. Then dim,, f (F) £ (J/a)dim, F.

Proof. @ Make use of Theorem 4.

» If fisLipschitz function (i.e. a =1),then dim, f(F) £dim, F.

> IffisbiLipschitz, i.e ¢ |x- YE|f(X)- f(Y)|Ec,|x-Y (xyl F)
for 0<c £c, <¥,then dim, f(F)=dm, F.
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Calculation of Hausdor ff Dimension

Examplel. (Cantor Set)
Let C be the middle third Cantor set.

C,=[0] C,=[0Y3E[231]  C,=[0,49]E E[8/9,]

Clam: dim, C ::O—gz.Atthecritical point s=dim, S, wehave %EHS(C)E 1.
0g

Proof.
Stepl  Upper bound of H*®(C)
Thereis an obvious covering {U,} of Cusing 2* “basic intervals’ of length 3. For this
3 ¥-cover of C, one has
H:. (C) £ 5 U =2 (8%)°=1 (- 2=3 by our choiceof s)

Letting k® ¥, H°(C)E 1.

Step2 Lower bound of H*(C)
We will show

1

OU.S3— ___________________________________ 5
6}"' > (5)

for any cover {U,} of C. Since C iscompact, it suffices to verify (5) for finite collection of
closed sets {U,} covering C.

Let {U,} be such afinite closed cover. For each U, let k1 Z so that
3 k) £|Ui|<3-k

Notethat U, intersectswith at most 1 basicinterval of C,.If j 2 k, then the number of
basicintervasof C,; that intersect U, is at most
21k =pir g
- 21 c g8 3-s(k+1)
£27 37U
The above inequality holds for a particular U, (recall that k dependson U, ). Since there
areonly finitely many U.’ s, we can choosej to be sufficiently large so that the inequality
truefor al U,’s Since {U,} intersects al 2' basic intervals of C, , counting intervals
gives
20£27 3 Ul

Equivalently,
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N |-

This proves (5).
Q.ED.

Example2. (Serpinski Triangle)
¥
The Sierpinski Triangle Sis defined to be the intersection ﬂ S, where § isaclosed set

k=0
containing all points inside and on the boundary of an equilateral triangle,and S (k3 1) is
obtained by removing al pointsinside the medial triangles of each “basic triangle” of §

(see the figure below).

S S S

Claim: dim, S=||O—92.Atthecritical point s=dim, S, wehave 1—18£HS(S)£1.
0g

Proof.
Without loss of generality, we assume the largest triangle has side 1.

Stepl  Upper bound of H*®(S)
Taking the obvious covering {U,} of Sby 3* basic triangles of side 2 (note that the
diameter isalso 2°%). For this 2 *-cover of S, one has

HS (S) £ é U =3 (2%°=1 (~3=2°byourchoiceof s)

Letting kK® ¥, H*(S) £1.

Step2  Lower bound of H*(S)

We will show

1

oU_S3_ ___________________________________ 6
ql.l 5 (6)

for any cover {U.} of S Since Sis compact, it suffices to verify (6) for finite collection of
closed sets {U.} covering S

Let {U,} be such afinite closed cover. For each U, let k1 Z so that
2 P gly|<2®?

Then U, intersects with at most 2 basic trianglesof S (why?). If j 3 k, the number of
basictrianglesof S, that intersect U, is a most
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2" 3k =317 2%
- 3] 4 223+1' 2— s(k+2)

£3718 |U,[

The above inequality holds for a particular U, (recall that k dependson U,). Since there
are only finitely many U,’ s, we can choose] to be sufficiently large so that the inequality
trueforall U,’s Since {U,} intersects all 3’ basic triangles of S, , counting triangles
gives

3 £3718 Ul .

Hence, g |u[ 2 1_18 and completes the proof.

Q.ED.

> Ifweassumethat O<H°®(S)<¥ at thecritical point s=dim, S (abig assumption,
although this happens very often), there is asimple method to find dim,, S: note that S
can splitinto
S=SESES,
where S, S, S, are geometrically similar to S Then
H*(S)=HY(g)+HY(S)+H*(S)
1 1 1
=—H?3(S)+=H*(S)+—=H*(S
> (S) > (S) > (S)

= ZH(S)

25
Since 0<H?®(S)<¥ ,wehave iz1 and hence szlo—gg.
2° log2

Example 3. (Koch Curve)
Roughly speaking, the Koch Curve is defined as follows (precise definition omitted):

/N P e %

K, =[0,1] K, K

Claim: dim, :m—g4.Atthecritical point s=dim, S,wehave 2 "2 £H°(S)E 1.

log3

Proof.
As before, the upper bound of H°®(K) is easy. For the lower bound, we need to show

é |Ui|S 3 o (s+2)

for any cover {U.} of K. SinceK iscompact, it suffices consider finite collection of closed
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sets {U,} covering K.

Let {U,} be such afinite closed cover. For each U, let k1 Z so that
2
3—(k+1)£_' Ui <3—k
= |u

Then U, intersects with at most 2 basic line segments of K, (why?). If j 3 k, the
number of basic line segmentsof K, that intersect U, isat most
27 4 =417 2" 3
=417 2" 37 3

. &2 o
E47 273 ="+
N
=417 2% 3927 |y, P
=417 2927 U

Again, choose | to be sufficiently large and count the line segments, one has
47 £417 22 U [

Equivalently,
Q[ 22,

Q.ED.
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