
 Page 1 of 20

Metric Space 
 
Introduction 
 

In \ 2, the distance between 2 points (x1,y1) and (x2,y2) is defined to be 

2 2
2 1 2 1( ) ( )x x y y− + − . The distance between 2 finite subsets of \ 2 , A and B ,can be defined as 

,
max | |

a A b B
a b

∈ ∈
− . You may wonder if we have another way to define distance in the above two 

examples. Generally, if we are given a set X, can we define the distance between 2 elements in X? 
 
Definition 1.1 
For a set X(more than 1 element), suppose there is a function d, which maps X2 to {0}+ ∪\ , and 
satisfy the following three properties: 
For x, y and z∈X,  
(i) d(x,y)≥ 0; d(x,y)=0 if and only if x=y; 
(ii) d(x,y)=d(y,x); 
(iii) d(x,y)≤ d(x,z)+d(y,z) (Triangle inequality) 
Then (X,d) is called a metric space, and d is called distance function, or metric. 
 
Examples 
(a) For x,y∈ \ , define d(x,y)=|x-y|. Then (\ d) is a metric space. In general, for x=(x1,x2,...,xn) and 

y=(y1,y2,...,yn)∈  \ n, define 

 2 2 2
1 1 2 2( , ) ( ) ( ) ... ( )n nd x y x y x y x y= − + − + + − . 

Then (\ n,d) is a metric space. As this d is usually used, we called it the usual metric. 

(b) For x,y∈ \ n, define d(x,y)=
1
max | |i ii n

x y
≤ ≤

− . Then (\ n,d) is a metric space. 

(c) Let X be the set of all continuous function on [0,1], denoted by C[0,1]. Define 

d(f,g)=
1

0
| ( ) ( ) |f x g x dx−∫ for f,g∈X. (X,d) is then a metric space. For this X, we can define 

d’(f,g)=
[0,1]

max | ( ) ( ) |
x

f x g x
∈

− . (X,d’) is also a metric space. 

(d) Define d(x,y)=0 if x=y, and otherwise 1 in X. Then (X,d) is a metric space. d here is called the 
discrete metric. 

 
Readers are suggested to verify the three properties (i),(ii) and (iii) of the above examples. 

We also see that for a set we can have more than a metric. 
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Definition 1.2 
In the metric space (X,d), we said a sequence xn converges to x, denoted by nx x→ , if for every 

0ε > , there exists an integer K such that n>K implies ( , )nd x x ε< . 
 

This is an analogue to what you have learnt about convergence in your first real analysis 
course. 
 
Theorem 1.3 
If xn converges to x and y in (X,d), then x=y. 
 

Proof. For 0ε > , there exists K such that n>K implies ( , )
2nd x x ε

<  and ( , )
2nd x y ε

< . Then 

( , ) ( , ) ( , )n nd x y d x x d y x ε≤ + < . Since ε  is arbitrary, we have d(x,y)=0, hence x=y. 
 

From this we know a convergent sequence has a unique limit. 
 
Theorem 1.4 
Suppose dn is a sequence of metric of X. If, for every x,y∈X, dn(x,y) is bounded, and  

d(x,y)= limsup ( , ) 0n
n

d x y
→∞

≠  for x y≠ , then d is a metric on X. (Those who do not know limit 

supremum can ignore this theorem.) 
 
Proof. The first two properties of d are trivial. To see the triangle inequality, note that for x, y and 
z∈X,  

 limsup ( , ) limsup{ ( , ) ( , )} limsup ( , ) limsup ( , )n n n n n
n n n n

d x y d x z d z y d x z d y z
→∞ →∞ →∞ →∞

≤ + ≤ + . 

This establishes the triangle inequality for d.  
 
Corollary 

Suppose dn is a sequence of metric of X and ( , ) lim ( , )nn
d x y d x y

→∞
=  exists for all x,y∈X and nonzero 

for x y≠ , then d is a metric of X.  
 
Proof. This follows easily from theorem 1.4. 
 
Theorem 1.5 
Suppose nx x→  in the metric space (X,d). Then for 0ε > , there exist an integer N such that for 
n,m>N, d(xn,xm)<ε . 
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Proof. Pick 0ε >  and choose N so that for n>N, d(xn,x)<
2
ε . Then for n,m>N,  

 ( , ) ( , ) ( , )m n m nd x x d x x d x x ε≤ + <  
 
Exercise 

1. If d1 and d2 are metrics of X, is it true that d1+d2, d1-d2, d1*d2, and 1d  are metrics of X? 

2. Let X be the space of all continuous function on [0,1], d and d’ to be the metric as in (c) under 
definition 1.1. Show if fn converges to f in (X,d’), then fn converges to f in (X,d). Is the converse 
true? 

3. We say that two metrics d and d’ are equivalent on X if a convergent sequence in (X,d) is a 
convergent in (X,d’), and vice versa. Given a metric d of X, prove that there exits a metric d’ 
equivalent to d and bounded by 1. 

4. Suppose dn is a sequence of metric of X. Show that there exists a metric d bounded by 1, such 
that the convergent sequence in (X,d) is a convergent in each (X,dn). 

 
Open sets 
 

We have open intervals on the real line. Let us generalize this concept in metric space. In the 
entire chapter, we always assume (X,d) is a metric space. 
 
Definition 2.1 
For x X∈ , define  
 ( , ) { : ( , ) }dB x r y X d x y r= ∈ < . 
Bd(x,r) is called an open ball centered at x with radius r. Any open ball centered at x is called a 
neighborhood of x. 
 
Definition 2.2 
For a subset S of X, define the interior of S, denoted by int(S), to be the set of points which have a 
neighborhood lying inside S. To be precise, int( )x S∈  if and only if there exists r>0 such that 
Bd(x,r)⊆ S.  
 
Examples 
(a) (1,3) in \  is an open ball centered at 2 with radius 1. Indeed, every open interval is an open 

ball. 
(b) {(x,y): x2+y2<1} is an open ball centered at the origin with radius 1. 
(c) int([1,2])=(1,2)= int([1,2)) int((1,2]) int((1,2))= =  
(d) The interior of the set of integer is the empty set.  
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Definition 2.3 
A set S is said to be open if int(S)=S, or equivalently for every x S∈ , there exists r>0 such that 
Bd(x,r)⊆ S. 
Examples 
(a) Every open ball is an open set. 
(b) The interior of any set is open. 

(c) Let X=C[0,1], and d(f,g)=
[0,1]

max | ( ) ( ) |
x

f x g x
∈

− . Then {f∈X:f>0} is an open set. 

(d) In a metric space with discrete metric, every element is an open set. 
 
Theorem 2.4 
(i) ∅ , X are open. 
(ii) Any union of open sets(maybe uncountable union) is open. 
(iii) Finite intersection of open sets is open. 
 
Proof. (i) is trivial from the definition of open. (ii) Let S Sα= ∪ , where Sα  is open.( Here we use 
α  to indicate that the union may not be countable.) For x∈S, x∈ Sα  for some α . Then x has a 

neighborhood lying in Sα , hence lying in S. This shows (ii). Let 
1

n

i
i

S S
=

=∩ , where Si is open. For 

x∈S, x∈Si, and hence there exists ri such that Bd(x,ri) ⊆ Si for 1 i n≤ ≤ . Take 
1
min ii n

r r
≤ ≤

= >0. Then 

Bd(x,r)⊆ Si for all i, hence a subset of S. This shows (iii).  
 
Remark: In Topology course, we encounter sets without metric. Then we define open sets according 
to the three properties in theorem 2.4. 
 
Definition 2.5 
Suppose f is a function from X to Y with metric dX and dY respectively. f is said to be continuous at 
x∈X if for any 0ε > , there exists 0δ >  such that dX(x,y)<δ  implies dY(f(x),f(y))<ε .  
 

This definition is analogue to what we have learnt about continuity in a real analysis course. 
 
Theorem 2.6 

:f X Y→  is continuous at x if and only if ( ) ( )nf x f x→  for any nx x→ . 
 
Proof. Suppose f is continuous at x and take nx x→ . Then for 0ε > , there exists 0δ >  such that 
dX(x,y)<δ  implies dY(f(x),f(y))<ε . Now we take N such that n>N implies dX(x,xn)<δ , and hence 
dY(f(x),f(xn))<ε . Conversely, assume f is not continuous at x. Then there is 0ε >  such that for each 

n we can have xn such that dX(xn,x)< 1
n

 but dY(f(x),f(xn) ε≥ . Now nx x→  but f(xn) does not 
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converge to f(x), a contradiction. 
 
   This theorem is an analogue to the sequential continuity theorem in the first real analysis course. 
The two proofs need exactly the same idea, except that the absolute sign is generalized to the metric. 
However, the following theorem may not be appeared so familiar.  
 
Theorem 2.7 

:f X Y→  is continuous at every point of X if and only if f-1(U) is open for any open set U in Y. 
Recall that f-1(U) ={x: f(x) ∈  U} 
 
Proof. Suppose f is continuous at every point of X. For an open U and x∈  f-1(U), there exists ε >0 

such that ( ( ), )
YdB f x Uε ⊆ . The continuity at x shows there exists δ >0 such that 

( ( , )) ( ( ), )
X Yd df B x B f x Uδ ε⊆ ⊆ . This shows 1( , ) ( )

XdB x f Uδ −⊆ , and hence f-1(U) is open. 

   Conversely, for x∈X and ε >0 , 1( ( ( ), ))
Ydf B f x ε−  is open. Hence there exists δ >0 such that 

1( , ) ( ( ( ), ))
X Yd dB x f B f xδ ε−⊆ . Hence we get the continuity of f at x.  

 
Remark: In topology course, for X and Y without metric, the definition of continuity bases on open 
set, which is motivated by Theorem 2.6. We define :f X Y→ to be continuous if f-1(U) is open for 
any open set U in Y. 
 
Exercise 
 
1. Let X be the space of all continuous function on [0,1], d and d’ to be the metric as in (c) under 

definition 1.1. Show an open set in (X,d) is open in (X,d’), but the converse does not hold.  
2. Does there exists a metric such that the open sets of X are precisely X and ∅ ? 
3. Give an example that the identity map of a set X onto itself is not continuous.  
4. Does there exists a metric d on X such that any mapping from X to Y is continuous on X? 
5. Show that for any function f on \ , the set {x: f is continuous at x} is the countable intersection 

of open set.  
 
Closed Sets 
 

As expected, it is now time for the closed sets to take turn. Closed sets indeed have a lot to 
do with open sets. 
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Definition 3.1 
A point x is said to be the limit point of a set S if there exists a sequence xn which converges to x, 
where xn∈S and nx x≠ . 
 
Examples 
(a) [0,1)  in \  has limit point {0} and {1}.  
(b) {(x,y): x2+y2<1} in \ 2 with usual metric has limit points {(x,y): x2+y2=1} 
(c) The limit point of the integer set is the empty set. 
(d) The limit points of the rational number in \  are the whole real line.  
 
Theorem 3.2 
A point x is said to be a limit point of the set S if and only if for any open U containing x, U also 
contains y∈S and y x≠ . 
Remark: In the proof we write B(x,r) instead of Bd(x,r) as there is no confusion of the metric. We 
would include the subscript d in Bd(x,r) only when we need to specify which metric are being used 
in latter text. 
 
Proof. Suppose x is a limit point of S. For an open U which contains x, we have r>0 such that 
B(x,r)⊆U. Since from the hypothesis there is a sequence xn in S converging to x, there exists for 
some m mx x≠  and xm∈B(x,r). This y=xm is the point we want. Conversely, for every n, B(x,1/n) 
contains nx x≠  and xn∈S. This xn converges to x, which shows x is a limit point of S. 
 
Remark: By this theorem, we can define limit points by open sets. This is the way we handle limit 
points in topology course. 
 
Definition 3.3 
The set S is said to be closed if S contains all its limit points.  
 
Examples 
(a) All closed intervals in \  are closed sets. 
(b) {(x,y): x2+y2≤ 1} in \ 2 with usual metric is closed. 
(c) Any set consists of finite points is close. 
 

Up to now we still do not see clearly how closed sets are related to open sets. The following 
theorem tells. 
 
Theorem 3.4 
S is closed if and only if \X S , the complement of S, is open. 
 
Proof. If S is closed, take x in its complement. Then x is not a limit point to S, hence there is a 
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neighborhood of x lying outside S. This shows \X S  is open. Conversely, let x be a limit point of 
S. Then for any open ball containing x intersects S, hence x is not an interior point of \X S , and 
x∈S. This shows S is closed. 
 

Equivalently, S is open if and only if \X S , the complement of S, is closed. Therefore, we 
can define closed sets by open sets only. 
 
Theorem 3.5(Compared to theorem 2.4) 
(i) ∅ , X are closed. 
(ii) Any intersection of closed sets(maybe uncountable union) is closed. 
(iii) Finite union of closed sets is closed. 
 

Proof. (i) is trivial. To see (ii), let F Fα=∩ , where Fα  is closed. Write \F X Uα α=  where Uα  

is open. Then \ \F X U X Uα α= =∩ ∪  is closed by theorem 2.4 and 3.4. (iii) follows exactly the 

same way: 
1 1

\
n n

i i
i i

F F X U
= =

= =∪ ∩ , which is close. 

 
Parallel to theorem 2.6, we have the same relation between continuity and closed sets. 

 
Theorem 3.6 

:f X Y→  is continuous at every point of X if and only if f-1(F) is close for any closed set F in Y. 
 
Proof. By theorem 2.6, we have for any closed F, f is continuous on X ⇔  f-1( \Y F )= 1\ ( )X f F−  
is open ⇔  f-1(F) is closed.  
 

Given an arbitrary set S, can we induce a closed set which contains S? 
 
Definition 3.7 
For a set S, define the closure of S, denoted by S , to be the union of S and limit points of S.  
 
It may not be so clear that for any set S, S  is a closed set which contains S. Indeed, from the next 
theorem, S  is the “smallest” close set containing S.  
 
Theorem 3.8 

For the set S, define C={F: F is close and contains S}, a collection of closed sets. Then 
F C

S F
∈

= ∩ , 

the intersection of all elements of C. 
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Proof. First it is easy to see S is a subset of the closed set 
F C

F
∈
∩ . If x is a limit point of S, x is a limit 

point of F, and hence in F. This shows 
F C

S F
∈

⊆ ∩ . Suppose there is a point y in 
F C

F
∈
∩  but not in 

S . Then there exists r>0 such that B(y,r) lies in the complement of S. Note that the close 

set \ ( , )X B y r  contains S is in the collection C. Since \ ( , )X B y r  does not contain y, so as 
F C

F
∈
∩ , 

which yields a contradiction. Therefore 
F C

F S
∈

⊆∩ , the proof is completed. 

 
Corollary 
S is closed if and only if S =S. 

Proof. Obviously, S S⊆ . If S is close, S is in the collection C. Hence 
F C

S F
∈

= ∩ ⊆ S. The converse 

is trivial. 
 

From the above, we see that for any close F containing S, S  is a subset of F. S  is the 
“smallest” in this sense. 
 
Exercise 
1. What is the closure of the rational numbers in \ ? 
2. Let X and Y be two metric spaces with the same metric d and X⊆Y. If U is open in X, must it be 

open in Y? How about the case of close?  
3. Let X=C[0,1], d and d’ to be the metric as in (c) under definition 1.1. Is the set { : 0}f f ≥  

close in (X,d)? How about in (X,d’)? 
4. Show F is close in X if and only if there is a continuous :f X →\  such that f-1(0)=F.  
5. If F and H are two disjoint sets, where F and H are close. Show that there exists two disjoint 

open sets which contains F and H respectively.  
 
Compact sets 
 

We define compact set to be the closed and bounded set in \ n. However, the definition of 
compact is not exactly the same in metric space. 
 
Definition 4.1 
The set S is compact if any infinite sequence in S has convergent subsequence in S. 
 

This definition is equivalent to close and bounded in \ n, by Balzono-Wiestrass Theorem. 
From the definition it is very easy to see that a compact set is close in any metric space. However, 
in general, close and bounded does not imply compact.  
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Wee can see that we need the concept of convergence(hence metric) in the definition of 4.1. Can we 
base the definition on open sets only as in defining the close sets and continuity? Theorem 4.3 will 
answer. Before going to that, let us have one more definition first. 
 
Definition 4.2 

Let C be a collection of some open sets. If 
U C

S U
∈

⊆ ∪ , then we say that C is an open cover of S. C is 

called a finite cover of S if C is an open cover of S with finitely many elements. D is called a 

subcover of S with respect to C if D⊆C and 
U D

S U
∈

⊆ ∪ .  

 

   For example, 1{( ,1) : }C n N
n

= ∈  is an open cover of (0,1) but not [0,1]. If we add the intervals 

(-0.1,0.1) and (0.9,1.1) to C, then C is an open cover of [0,1]. 
 
Theorem 4.3 
S is compact if and only if every open cover of S has a finite subcover.  
   The second part of the theorem means that for an open cover C of S, there exists D⊆C with 
finitely many elements, where D is a cover of S. Here C may have uncountably many elements. 
 
Proof. Suppose S is compact and there is an open cover C which cannot have a finite subcover. 
Exclude those elements in C, which is a subset of the union of other elements. Therefore for any 
U∈C, we can choose x∈C such that if U V C≠ ∈ , x V∉ . Now for each Ui, pick xi in such a 
manner. As no finite cover with respect to C exists, {xi} forms an infinitely sequence. Hence there is 
a subsequence converging to x in S. Now x∈U, for some U∈C. This U contains infinitely many xi, 
contradicting the choice of xi.  
   Conversely, suppose there is an infinite sequence {xi} which does not have convergent 
subsequence. Then for each x∈S and ix x≠  for any i, there is rx>0 such that B(x,rx) contains no xi, 
or if x=xi, there is rx>0 such that B(x,rx) contain one xi only.(Why?) Now C={B(x,rx): x∈S} is an 
open cover of S, which does not have finite subcover, a contradiction. This completes the proof. 
 
Theorem 4.3 
Any close subset S of a compact set K is compact. 
 
First proof. For an infinite sequence {xn} in S, it has a subsequence converging to x in K. Then x is a 
limit point of S, hence in S. This proves the compactness of S. 
  

Second proof. Suppose S⊆ Uα∪ , where Uα  is open. Let \U X S= , which is open. Then Uα  

and U together form an open cover of K. Since K is compact, from this open cover there exists a 



 Page 10 of 20

finite subcover, which means 
1

i

n

i

K U Uα
=

⊆ ∪∪ . Hence S⊆
1

i

n

i

Uα
=
∪ . We have found a finite subcover 

of S.  
 
Remark: The second proof does not involve metric. It will be the proof of theorem 4.3 in 
topological spaces. 
 
Corollary 
Any intersection(including uncountable) of compact sets is compact. 
 
Theorem 4.4 
Finite union of compact sets is compact. 
 

Proof. Let 
1

n

i
i

K K
=

=∪ , where Ki is compact, and C be an open cover of K. Now for each Ki, we pick 

finite elements of C to form a subcover Ci. Now 
1

n

i
i

C
=
∪ is a finite subcover of K. 

 
Now we turn to see the relation between compact sets and continuity.  

 
Theorem 4.5 
If :f X Y→  is continuous on X, then f(K) is compact in Y for any compact subset K of X.  
Recall that f(K)={f(x): x∈K} 

Proof. Take any infinite sequence {f(xn)} in f(K). Then there is a subsequence 
jnx x K→ ∈ . This 

implies ( ) ( )
jnf x f x→  in f(K). 

 
Readers are suggested to construct a proof of theorem 4.5 without involving metric as an 

exercise. Now we turn to see the generalized extreme value theorem. 
 
Theorem 4.6 
Suppose :f X Y→  is continuous on K compact in X, and y∈Y. Then there exists x∈K such that 
dY(f(x),y)≥dY(f(z),y) for all z∈K.  
 
Proof. First we show that there exists M such that dY(f(z),y)≤M for all z∈K. Otherwise, for each 
positive integer n we have zn in K so that dY(f(zn),y)≥ n. Since K is compact, {zn} has a subsequence 
converging to z. Then by the continuity of f, dY(f(z),y)>n for all n, a contradiction.  

   Next, we prove the existence of x. As dY(f(z),y) is bounded on K, sup ( ( ), )Y
z K

d f z y
∈

= M is a real 
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number. By supremum property, there exists xn such that dY(f(xn),y) M→ . {xn} has a subsequence 
converging to x, and by the continuity of f, f(x)=M.  
 
Remark: Actually we do not need to assume X to be a metric space in theorem 4.6. We can proceed 
the proof by only considering open sets in X. (See exercise 4) 
 

The extreme value theorem we learnt in high school or the first analysis course is just the 
special case of this theorem, when we take X=Y=\ (the real set), K to be a closed and bounded 
interval, d to be the usual metric and y=0. 
   Before we end this section, let us go a little bit deeper to the concept of uniform continuity. 
Some of the beginning analysis course includes this concept, and some does not. Anyway, let us see 
the definition first. 
 
Definition 4.7 
A function :f X Y→ is said to be uniformly continuous on a set S if for every ε >0, there exists 
δ >0 such that dY(f(x1),f(x2))< ε  whenever dX(x1,x2)< δ for x1 and x2 in S. 
 
   Obviously uniformly continuous are continuous. In general, continuity does not imply uniform 
continuity. However, in some conditions, the weaker one implies the stronger. 
 
Theorem 4.8 
If :f X Y→  is continuous on a compact K, then f is uniform continuous on K. 
 
Proof. Suppose it is not the case. Then there exists ε >0, such that for each n we can pick an and bn 

in K, where dX(an,bn)<
1
n

 but dY(f(an),f(bn)) ε≥ . Now {an} has a subsequence 
jna a→  in K. Thus 

jnb a→ and ( ) ( )
jnf b f a→ . To reach a contradiction, choose N so that j>N implies 

( ( ), ( ))
2jY nd f a f a ε

< . Then  

 ( ( ), ( )) ( ( ), ( )) ( ( ), ( ) ( ( ), ( ))
2j j j j jY n n Y n Y n Y nd f b f a d f b f a d f a f a d f b f a εε ≤ < + < +  

for all j>N. This shows ( ( ), ( ))
2 jY nd f b f aε
≤ , which is wrong. 

 
Exercise 
1. Suppose there is an open cover C of a compact K. Show there exists r>0 such that for any x∈K, 

there exists U∈C and B(x,r)⊆U. 
2. Let X be the unit circle in \ 2 with the usual metric. Does there exists a continuous function 

which maps X onto the real line? 
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3. Construct a close and bounded set which is not compact in a metric space (X,d). 
4. Suppose :f X Y→ is continuous on X, K is compact and y∈Y. 

(i) Show :g X →\ , defined by g(x)=dY(f(x),y) is continuous by showing g-1(U) is open 
for any open set U in \ . 

(ii) Show that dY(f(x),y) is bounded for x∈K, by considering the open sets [0, )n  on 
{0}+ ∪\ . 

(iii) Let sup{ ( ( ), ) : }YM d f x y x K= ∈ . Show there exists x K∈  such that f(x)=M by 

considering the open sets 1[0, )M
n

− .  

5. Suppose X is a metric space such that every closed ball is compact. If there is an open U which 
contains a compact K, then there exists another compact H such that K H U⊆ ⊆  

 
Complete sets (additional topic) 
 
Definition 5.1 
A sequence {xn} is set to be a Cauchy sequence if for ε >0, there exists a positive integer N so that 
n,m>N implies d(xn,xm)<ε . 
 
   Noted that from theorem 1.5 every convergent sequence is a Cauchy sequence. In the real set 
\ , we know that a Cauchy sequence is the same as a convergent sequence. However it is always 
not the case. For example, take X=Q, the rational number. Then a Cauchy sequence is not a 
convergent sequence anymore, since rational sequence may converge to an irrational number, which 
is not in X. This leads to the following definition. 
 
Definition 5.2 
The set S is said to be complete if all the Cauchy sequence in S is a convergent sequence.  
 
   Clearly, a compact set is complete. A close subset of a complete set is complete. Let us see an 
interesting theorem of complete metric spaces. 
 
Theorem 5.3(Contractive mapping theorem) 
Suppose :f X X→ , where X is complete, has the property that d(f(x1),f(x2))≤ cd(x1,x2) for all x1, 
x2 in X, where c<1. Then f is continuous on X, and there exists unique x so that f(x)=x. 
 
Proof. The continuity of f is trivial. Now pick x1∈X, and define xn+1=f(xn). Then  

 2
1 1 2 1 2 2 1( , ) ( ( ), ( )) ( , ) ( , )n

n n n n n nd x x d f x f x cd x x c d x x−
− − − − −= ≤ ≤ ,  

and for m>n, 

 
11

1
1 1 1 2 1 2( , ) ( , ) ( , ) ( , ) ( , )

1

nm
i

m n i i i i
i n i n i n

cd x x d x x d x x c d x x d x x
c

−− ∞ ∞
−

+ +
= = =

≤ ≤ ≤ ≤
−∑ ∑ ∑ . 
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As the last inequality tends to 0 when n →∞ , we know {xn} is a Cauchy sequence and hence xn 
converges to x∈X. By the continuity of f, we have x=f(x).  
   The uniqueness of the fixed point x can be seen by supposing there is another fixed point y, and 
d(x,y)=d(f(x),f(y))≤ cd(x,y). This forces d(x,y)=0, as c<1. 
 
   This theorem can be seen in such an interesting way: When you are using a computer and 
reduce a maximized window to a smaller size, a unique point on the screen is fixed! 
   We are now going to reach a more advanced theorem: the Baire’s Theorem. Before reaching that, 
let us go over the dense sets first. 
 
Definition 5.4 
Suppose S⊆T in the metric space X. Then S is dense in T if for x∈T and ε >0, there exists y∈S 
such that d(x,y)<ε  
 

   For example, the rational set is dense in \ . As every point of T is a limit point of the dense 
subset S, we see that S T= . Conversely, if S⊆T and S T= , then S is dense in T. It is also not 
difficult to see that if S is dense in T and T is dense in U, then S is dense in U. 

Now let us turn to the concept of nowhere dense sets. 
 
Definition 5.5 
The set S is said to be nowhere dense if any open set contains an open ball that is disjoint with S. 
 
   For example, a finite set and the integer set in \  are nowhere dense. Any open set and the 
rational set in \  are not nowhere dense. It is easy to see that if a set is nowhere dense, so are its 
subsets. 
 
Theorem 5.6 
S is nowhere dense if and only if S  is nowhere dense. 
 
Proof. Suppose S is nowhere dense. An open U contains an open ball B which is disjoint to S. Then 
no point of B is the limit point of S, since otherwise B would contain some points of S. Hence S  is 
disjoint to B. This shows S  is nowhere dense. The converse is trivial. 
 
   Now we reach the last theorem of this section. 
 
Theorem 5.7(the Baire’s Theorem) 

Suppose Ui is open dense in a complete metric space X for all integer i. Then 
1

i
i

U
∞

=
∩  is dense in X. 
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Proof. Let y∈X and ε >0. We need to show there is x∈
1

i
i

U
∞

=
∩  such that B(x,ε ) contains y. As U1 is 

dense, there exists x1∈U1 such that B(x1, 2
ε ) contains y. Also we can choose a r1< 2

ε  so that 

1 1( , )B x r  is a subset of the open U1. Then for each i>1, there exists xi∈Ui and ri>0 so that B(xi, 1

2
ir− ) 

contains xi-1 and ( , )i iB x r  is a subset of Ui with 1

2
i

i
rr −< .  By the choice of ri we have 

B(xi,ri)⊆B(xi-1,ri-1). Now for m>n, 

 
1

1 1( , ) ( , ) ( , )
2 2

m
i

m n i i i i n
i n i n i n

rd x x d x x d x x ε− ∞ ∞

+ +
= = =

≤ ≤ ≤ ≤∑ ∑ ∑ . 

The last inequality tends to 0 when n →∞ . This shows {xn} is a Cauchy sequence, hence the 

completeness of X gives the existence of the limit x. As { }i i nx ∞
=  is a sequence in the close set 

( , )n nB x r , so x∈ ( , )n nB x r . Thus x∈Un for all n and of course in the set 
1

i
i

U
∞

=
∩ . Finally, as 

x∈ 1 1( , )B x r , we have  

 1 1( , ) ( , ) ( , )d x y d x x d x y ε≤ + < . 
We see then B(x,ε ) contains y and the proof is completed. 
 
Corollary 
The complete metric space X cannot be the countable union of nowhere dense sets. 
 

Proof. Let 
1

i
i

X S
∞

=

=∪ , where Si is nowhere dense. It is no doubt that 
1

i
i

X S
∞

=

=∪ . Note that \ iX S  

is open dense. Now taking complement of both sides gives 
1

\ i
i

X S
∞

=

∅ =∩ . However by theorem 5.7, 

the right side of the equality is dense, hence cannot be empty.  
 
Exercise. 
1. Suppose Fn is nonempty closed in a complete metric space X for all n and 1 2 ...F F⊇ ⊇ .  

Define sup{ ( , ) : , }n nd d x y x y F= ∈ . If 0nd → , shows 
1

n
n

F
∞

=
∩ is nonempty. Is it true that if X is 

not complete? 
2. (1979 UC Berkeley PhD preliminary examination) An accurate map of California is spread out 

flat on a table in Evans Hall, in Berkeley. Prove that there is exactly one point on the map lying 
directly over the point it represents. 

3. Let X to be the space of continuous on \  with metric ( , ) sup | |
x R

d f g f g
∈

= − . Show that X is a 
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complete metric space.  
4. Show that there does not exist a function :f →\ \  which is continuous on exactly the 

rational number but not the irrational. (Hint: Use Baire’s Theorem and the result of exercise 5 in 
section 2.) 

5. (i) Show that the Cantor set K is nowhere dense.  

(ii) Define Kq={qK: q∈_ }. Is the set q
q

K
∈_
∪  close? Is it Open?  

 
6. Solution. 
 
Section 1 
 

1. If d1 and d2 are metrics, then 1 2d d+  and 1d  are metrics. In general, 1 2d d−  and 1 2d d⋅  

may not be a metric. For example, if we take 1 2d d= = standard metric on the real line, then 

2
1 2 1d d d⋅ =  is not a metric because the triangle inequality is not satisfied, for say 

2
1 2( )(0,2) 2 4d d⋅ = =  while  

2 2
1 2 1 2( )(0,1) ( )(1,2) 1 1 2 4d d d d⋅ + ⋅ = + = < . 

Also 1 2d d−  is not a metric because it may not even be always non-negative (e.g. take 

2 12d d= ). 
2. If nf  converge to f in d’, then  

 ( ) ( ) ( )
1 1

0 0
, ( ) ( ) , , 0n n n nd f f f x f x dx d f f dx d f f= − ≤ = →∫ ∫  

as n tends to infinity. This proves convergence in d’ implies convergence in d. The converse is in 

general not true. For example, if we take ( ) n
nf x x=  and f (x) = 0, then nf  converges to f in d, 

but ( )' , 1nd f f =  for all n. 

3. Simply define d’ by ( , )'( , )
1 ( , )

d x yd x y
d x y

=
+

 and check that d’ defines a metric which is 

equivalent to d and bounded by 1. 

4. Define d by 
1

( , )( , ) 2
1 ( , )

n n

n n

d x yd x y
d x y

∞
−

=

=
+∑  and apply Question 3 above. 

 
Section 2 
 
1. It suffices to show that an open ball in (X,d) is open in (X,d’). 

Let  f  be an arbitrary element in ( , )dB g r , let ∈=d(f,g),  
We claim that ' ( , )dB f r ε− ⊂ ( , )dB g r ,so f is an interior point of ( , )dB g r  with respect to the 
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metric d’ .Hence ( , )dB g r  is open in (X,d). 
To prove the claim, let h∈ ' ( , )dB f r ε− , then d(g,h) = 

1 1 1

0 0 0
| ( ) ( ) | | ( ) ( ) | | ( ) ( ) |g x h x dx g x f x dx f x h x dx− ≤ − + −∫ ∫ ∫  <r. The result follows. 

The converse is false. For 0 ' (0, )dB r∈ and ε >0, consider the function g:[0,1]→ \  defined by 

g(x)=0 for [ ,1]
2

x
r
ε

∈ , g(0)=0, and g is linear elsewhere. It can be checked that g is in 

(0, )dB ε  but not in ' (0, )dB r . Thus (0, )dB ε  is not contained in ' (0, )dB r  for any ε . That is, 
0 is not an interior point of ' (0, )dB r  in (X,d). 

 
2. No. suppose so, for x,y∈X, we have y∈B(x,r)=X for any r>0. taking r→0, 

We have x=y, a contradiction. 
3. Let d be the usual metric on \ , d’ be the discrete metric on\ . 

Then 1
n
→0 in (\ ,d) but not in (\ ,d’). This shows the discontinuity of the identity map 

from (\ ,d) to (\ ,d’). 
4. Yes, the discrete metric. 
5. Let S={x: f is continuous at x}.For each x∈S and positive integer n ,there exists ( )n xδ >0 such 

that f(y)∈ 1( , )B x
n

 whenever y ( , ( ))nB x xδ∈  by the definition of continuity. Now let 

\ .Clearly, nT  is open . We want to show that S=
1

n
n

T
∞

=
∩ .  S⊆

1
n

n
T

∞

=
∩  since S is contained in 

each nT . To show S⊇
1

n
n

T
∞

=
∩ , pick any y in 

1
n

n
T

∞

=
∩ . For ε >0, choose 0n  such that 

0

1
2n
ε

<  As 

y
0nT∈ , y

0
( , ( ))nB x xδ∈  for some x S∈ . Choose δ  so that 

0
( , ) ( , ( ))nB y B x xδ δ⊆ . Then for 

z ( , )B y δ∈ , d(f(z),f(y))≤d(f(z),f(x))+d(f(x),f(y))<ε . Hence y∈S. 
 
 
Section 3 
 

1. =_ \  by the density of _ in 
1

n
n

V
∞

=
=_ ∩ . 

2. Both statements are false. In the first case, take X=[0,1], Y=\ . Then X is open in X, but not 
open in Y. For the converse, take X=(0,1), Y=\ . Then X is closed in X ,but not closed Y. 

3. The answers are affirmative in both cases. Suppose nf ≥ 0 and nf → f in (X,d). Suppose f(x)<0 

for some x∈[0,1]. Take δ >0 so that f(y)< ( )
2

f x  for y∈ ( , )B x δ . 
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Then d( nf ,f)=
1

0
| ( ) ( ) | | ( ) ( ) | | ( ) |

x

n nx
f y f y dy f y f y dy f x

δ

δ
δ

+

−
− ≥ − >∫ ∫  for all n,a contradiction to 

the hypothesis that nf → f. So f≥ 0.  

In (X,d’), Suppose nf ≥ 0 and nf → f. Then for each x∈[0,1], ( ) ( )nf x f x→  in the usual 
sense. Thus f(x)≥ 0. 

4. For the “⇐”case, Note that {0}is closed in \  implies 1(0)f −  is closed in X  by 
Theorem 3.6. 

For the “⇒ ”case, suppose F is closed in X, Define a function f:X→ \  by f(x)= inf ( , )
y F

d x y
∈

. 

Clearly, 1(0)f − =F. It remains to prove that f is continuous at x for any x∈X. which 
immediately follows when we apply triangular inequality to prove that 

( ( , )) ( ( ), )
2

f B x B f xε ε⊂ . 

 
5. For x F∈ , there exists rx such that B(x,rx) is disjoint to H. Similarly, we can get B(y,ry) disjoint 

to F for y H∈ . Define ( , )
3
x

x F

rU B x
∈

=∪  and ( , )
3
y

y H

r
V B y

∈

= ∪ . If there is z in both U and V, z is 

in ( , )
3
xrB x  and ( , )

3
yrB y  for some x F∈  and y H∈ . However, 

2max( , ) ( , ) ( , ) ( , ) max( , )
3 3

x y
x y x y

r r
r r d x y d x z d y z r r

+
≤ ≤ + ≤ ≤ , a contradiction.  

 
  
Section 4 
 
1. For each x in K, there exists an open set xU C∈  and a real number 0xr >  such that 

( , )x xB x r U⊆ . Then { }( , ) :xB x r x K∈  is an open cover of K, so by compactness of K there 

exists finitely many points 1 2,  ,  ...,  nx x x  in K such that ( )
1

,
i

n

i x
i

K B x r
=

⊆∪ . Take 

{ }min : 1,  2,  ...,  0
ixr r i n= = > , then for each x in K, if we take an index i such that 

( ),
ii xx B x r∈ , we will have, from 

ixr r≤ , that 

( )( , ) , 2
i ii x xB x r B x r U C⊆ ⊆ ∈ . 

(Note our choice of r is independent of our x in K.) Alternatively one can argue by contradiction. 
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If our assertion is false, then for each positive integer j there exists jx K∈  such that 

( )1,jB x j−  is not subset of any U C∈ . Since K is compact, the sequence { }jx  has a 

convergent subsequence { }kj
x  with limit x in K. Now for this x there exists U C∈  and r > 0 

such that ( , )B x r U⊆ . For k sufficiently large, since lim
kjk

x x
→∞

=  and 1lim 0kk
j −

→∞
= , we have 

( )1, ( , )
kj kB x j B x r U− ⊆ ⊆ . This contradicts our choice of jx . 

2. No, because the unit circle is compact but the real line is not, while continuous functions 
preserve compactness. 

3. Consider an infinite set X with the discrete metric 
1    if 

( , )
0    if 

x y
d x y

x y
≠⎧

= ⎨ =⎩
. Then X is closed and 

bounded, but it is not compact, because a sequence in X whose all terms are distinct has no 
convergent subsequence. Alternatively, a less artificial example is the sequence 2l  space, 

which consists of all sequences { }nx  for which 2
nx < ∞∑ . If, for each positive integer n, we 

define ny  to be the sequence in the 2l  space for which the n-th entry is 1 and all other entries 

are zero, then the set of all ny ’s is a closed and bounded set under the 2l  metric and yet it is 

not compact (because the sequence 1 2 3{ , , ,...}y y y  in 2l  has no convergent subsequence). 

4. (i) Simply note that g-1((a,b))=f-1(S) where S={z: a<dY(z,y)<b}. As S is open, g-1((a,b)) 
is open. The case is the same for the inverse image of [0, )r . Hence the continuity of 
g follows from that of f.  

(ii) Note that 1

1

([0, ))
n

g n
∞

−

=
∪ covers K hence by the compactness of K, K can be covered 

by 1

1

([0, ))
k

i
i

g n−

=
∪  for some k. Hence dY(f(x),y) is bounded by the maximum among 

ni.  

(iii) Otherwise 1

1

1([0, ))
n

g M
n

∞
−

=

−∪  forms an open cover of K, but does not exists a finite 

subcover. 

5. For each point x in K there exists an open ball xB  centered at x such that its closure xB U⊆ . 

The family of all xB , where x runs through the whole K, is an open cover of K. By compactness 

of K there exists a finite subcover 
1 2

{ , ,..., }
nx x xB B B  of K. Now each of the 

ixB  is a closed ball 
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and hence compact. Hence if we set 
1

i

n

x
i

H B
=

=∪ , then H, being a finite union of compact sets, is 

compact, and clearly K H U⊆ ⊆ . 
 
Section 5 
 
1. Take a sequence { nx } such that n nx F∈ . For ε >0, we have k such that kd ε< . 

Then for n,m>k, ,n m kx x F∈  and d( ,n mx x )< ε .So { nx }is a Cauchy sequence and hence 

converges to some x∈X. x is a a limit point to every nF  and 
1

n
n

F
∞

=
∩  is closed, we have 

x∈
1

n
n

F
∞

=
∩ . It is not true if X is not complete. We can see that by taking X=(0,1), nF =(0, 1

n
]. 

2. The map maps the entire surface into the table. It is a contraction map,hence there is a fixed 
point x, the desired point. 

3. Take a Cauchy sequence { nf }in X. Then nf (x) is a Cauchy sequence in \  for each x∈\ , 

hence limit exists. Define ,for each x, f(x)= lim ( )nn
f x

→∞
. Pick ε >0, choose k such that 

| ( ) ( ) |
2n mf x f x ε

− <  for all x whenever m,n>k. For x∈\ , choose p>k so that 

| ( ) ( ) |
2pf x f x ε

− < .Then for n>k, | ( ) ( ) | | ( ) ( ) | | ( ) ( ) |n n p pf x f x f x f x f x f x ε− ≤ − + − < . This 

shows that nf → f in metric d.   

It remains to show that f is continuous. For x∈ \  and ε >0, choose n such that ( , )
3nd f f ε

< . 

As nf  is continuous at x, we can choose δ >0 such that | ( ) ( ) |
3nf x f x ε

− <  whenever 

y ( , )x xδ δ∈ − + . Then |f(x-f(y)| | ( ) ( ) | | ( ) ( ) | | ( ) ( ) |n n n nf x f x f x f y f y f y ε≤ − + − + − < . 

4. By exercise 5 in section 2, if such function exists, then \
q

qK
∈_

\∩  for some open  

Sets nV . Since nV  contains _ , nV  is dense. Therefore \\ _ =
1

\ n
n

V
∞

=

\∪  is a countable 

union of nowhere dense sets. Hence 
1

\ { }n
n q

V q
∞

= ∈

⎧ ⎫⎧ ⎫ ⎪ ⎪= ⎨ ⎬ ⎨ ⎬
⎪ ⎪⎩ ⎭ ⎩ ⎭_

\ \ ∪∪ ∪  is a countable union of 

nowhere dense sets, a contradiction to the corollary of Theorem 5.7. 
5. (i)At the thn  construction of K , the remaining intervals have total length less than 2 n−  . For 

any interval (a,b), we have (a,b)\K nonempty and open. Hence contains an open interval. 

(ii)qK is nowhere dense for all rational q. Also, 
q

qK
∈_
∪  contains all rationals and hence dense. 
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If 
q

qK
∈_
∪  is closed, then 

q

qK
∈_
∪ =\  which is a contradiction to the Baire’s Theorem. If 

q

qK
∈_
∪  is open, \

q

qK
∈_

\ ∪ =_  is closed.Note that \ qK\  is open and dense, then 

\
q

qK
∈_

\∩  is dense by Baire’s Theorem. Hence \
q

qK
∈_

\∩ =\ , a contradiction. 


