How to draw an ellipse by compass and straightedge construction?

It is obvious that we can easily find the way to draw a lot of figures with straight lines by

compass and ruler. However, is it possible for us to draw some figures with curves, like ellipse?

I
First of all, it is undoubtedly that all curves in a drawing by compass and straightedge
constructions must be done by a compass, so they can only have constant curvature.
Then we need to know about the curvature equation of an ellipse first.
In this project, I assume that the ellipse has two axis a and b, a > b.
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So, the curvature of an ellipse is obviously not a constant unless a = b (which is a circle)

Therefore, drawing an ellipse is impossible to be done by compass and straightedge construction.
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II
Now, it is clear that using a compass to draw an ellipse is impossible. However, an ellipse is
quite similar to a figure joined by four circle arcs. Can the ellipse be approximated by arcs?

Just like the following example.
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Then here comes another question, if I want to approximate the ellipse by arcs, where should
the centres of the circles be? Also, how about the length of the radius?
Since the ellipse is symmetric along the x- and y- axis, the centres of the circles should be

marked on the x- and y- axis.

I
We know that the circles of the four approximating arcs are tangent to each other. We then let
the radius of the two circles be R and », which R > r.
In order to find the way to sketch the approximating arcs, I would like to discuss the
relationship between R and r first.
By the property of tangent circles, the tangent point and tow centres of circles will be at the
same straight line.

Then we can know that there is one and only one value of r corresponding to R, and vice versa.



From the figure, considering the straight

line in green, we can obtain an equation: ©.5)
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We know that the equations of the four arcs (or circles) are:

L(t) = [recost —{a—rili+ (rsint)j

R(t)= [reost +{a—rjli+ (rsint)y

U(t)= Rcosti+ [Rsint+ (bh—R)]j

B(t)= Rcosti+ [Rsint— (b —R)]j

We can obtain one of the Tangent Points T by solving the simultaneous equations of two

equations above.

Then we can find T first. Let it be x1 + ¥
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We can then find ¥t and vj by substituting t into (*)



To make the approximation better, let the

minimum distance between ¢ and the

ellipse be |ﬁ|.

Then we can make our approximation

better by reducing |ﬁ|

XT=(x—acost,y—bsint)

Let’s begin with T;.

Let the coordinate of T, be (x, y) where x and y can be expressed in terms of R
We know that

R.(t)=(acost,bsini)

R, ()= (-asint,bcost)

As vector XT is orthogonal to R. on point X.
Re’(t) s (x—acost,y— bsint)=0

(-asinf)(x—a cost)+ (bcosf)(y —bsint)=0

—G_:b_ sin2t +bvecost—axsint=0 ... (%)

Then we can express R in terms of ¢, which is less complicated

Now, we can find the way to reduce |}<ZT| = {x—acost)"+ (y—bsint)® , which can be

expressed in terms of 7.



The minimum value of |ﬁ| can be found by solving
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Let’s recall our aim of the task, which is “to approximate an ellipse with arcs drawn by
compass and straightedge constructions”.

A length that can be drawn by compass and straightedge constructions can be operated by

fundamental operations “+7, “—", “x” “=+" and “4/” only.

Actually, the expression of |ﬁ| involves trigonometric function, that means even we can find

out the minimum value of |ﬁ , the approximation may not be drawn.

However, it can already give us hint that the |XT| of our approximation should be around the

value we’ve found. Then we may further find out r and R and finish our drawing.

~ The End ~



